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Abstract: We explore 1d vortex dynamics of 3d supersymmetric Yang-Mills theories,
as inferred from factorization of exact partition functions. Under Seiberg-like dualities,
the 3d partition function must remain invariant, yet it is not a priori clear what should
happen to the vortex dynamics. We observe that the 1d quivers for the vortices remain the
same, and the net effect of the 3d duality map manifests as 1d Wall-Crossing phenomenon;
Although the vortex number can shift along such duality maps, the ranks of the 1d quiver
theory are unaffected, leading to a notion of fundamental vortices as basic building blocks
for topological sectors. For Aharony-type duality, in particular, where one must supply
extra chiral fields to couple with monopole operators on the dual side, 1d wall-crossings
of an infinite number of vortex quiver theories are neatly and collectively encoded by 3d
determinant of such extra chiral fields. As such, 1d wall-crossing of the vortex theory
encodes the particle-vortex duality embedded in the 3d Seiberg-like duality. For N = 4,
the D-brane picture is used to motivate this 3d/1d connection, while, for N = 2, this
3d/1d connection is used to fine-tune otherwise ambiguous vortex dynamics. We also prove
some identities of 3d supersymmetric partition functions for the Aharony duality using this
vortex wall-crossing interpretation.a
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1 Introduction
In recent years, a plethora of exact partition functions became available for supersymmetric
gauge theories. The localization method, responsible for these, is powerful and universal but
such universality comes with costs. Much of the dynamics is lost, as the end result depends
only on handful of UV information, such as field contents and their representation under the
gauge and the global symmetries. This should be hardly surprising. When the spacetime
that admits a circle, for example, the supersymmetric partition function can be regarded
as a refined index, well-known to be robust under continuous deformations. Despite this
ultraviolet nature of the computation, these partition functions proved to quite useful, for
example as a litmus test for various dualities. For dimensions less than three also, where
there is no notion of vacuum expectation value of moduli, a UV theory often flows down
to a unique theory in IR. As such, the partition functions in such low dimensions contain
more useful information than one may generally hope for. The Gromov-Witten invariants
cleverly embedded [1, 2] in the S2 partition functions [3, 4] of d = 2 GLSM are the prime
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example of this, while the d = 2 elliptic genus [5] and d = 1 refined Witten index [6] are
more obvious ones.
A trick of convenience involved in the localization computations, which lifts flat di-
rections as much as possible, is to introduce chemical potentials and other susy-preserving
masses. For d = 3 theories, in particular, one turns on real masses associated with flavor
symmetries, which generically simplify the vacuum structures to those of isolated ones.
Note that not all theories admit such computations. When the theory must involve super-
potentials, for example, the number of the available flavor symmetries get reduced. Also,
given a reduced flavor symmetry that allows some superpotential, the computation will
tend to compute the partition function for theories with generic superpotential consistent
with the flavor charge assignment. The usual mantra that the localization is insensitive to
the details of the superpotential must be taken with such genericity presumed. In this note,
we will be considering theories where all matter fields acquire real masses, independent of
one another, which means that superpotential is turned off by imposing global symmetries.
When the number of matter multiplets and accompanying flavor symmetry are suffi-
ciently large, quantum vacua then tend to be isolated [7]. One type, which we refer to as
the Higgs vacua, is such that chiral fields are turned on to cancel FI constants with the
Coulombic vev’s pinned at some of the real masses. Another type, more characteristic of
d = 3 and called the topological vacua by Intriligator and Seiberg, achieves the vacuum
condition entirely along the Coulomb branch with all chiral fields turned off. Although the
total number of vacua is invariant under continuous deformations of the theory, this split
of vacua between the Higgs type and the topological type is not robust, and in particular
affected by signs of 3d FI constants. One interesting class of theories is where one can tune
the 3d FI constant so that all vacua are of Higgs variety. In such theories, the exact par-
tition functions on S1 fibred over S2 are known to admit the so-called factorization [8–17]
where the partition function can be rewritten as a sum over product of three multiplicative
pieces: vortex contributions at the north pole, anti-vortex contributions at the south pole,
and the perturbative 1-loop from fields not involved in the vortex construction.
When a partition function is thus factorizable, one has a good glimpse into the su-
persymmetric vortices. In an isolated Higgs vacuum, one chiral field gets a vev on top of
each Cartan vev σa pinned at a real mass mi, and form P0 after the gauge identification.
Each such chiral field can acquire the winding number and the associated quantized mag-
netic flux 2pina. Due to the chemical potential associated with R + 2J3 where R is an
R-symmetry generator and J3 a rotation generator on S2, the (anti-)vortices are pushed
into the north(south)-pole, much like the Ω-deformation on R4 pushing instantons to the
origin [18].
As such, contributions of vortices and of anti-vortices to the partition function can be
read off from the factorization, and in turn one can ask what low energy dynamics of vortices
is capable of producing such contributions. This gives us an indirect way to explore d = 1
low energy dynamics of vortices, from 3d exact partition functions. The latter is reliably
and universally computed via the Coulombic localization, which has no knowledge of the
Higgs vacua or of vortices. Yet, it can be used to extract vortex dynamics, once factorized.
The vortex theory found this way is typically a quiver quantum mechanics with either
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N = 4 or N = 2 supercharges, respectively, for 3d N = 4 or N = 2 gauge theories.
Since the partition function itself carries limited information about the 3d field theory, one
should not really expect the exact low energy dynamics of the vortices [19]; Rather, we are
interested in more robust (hence more coarse) aspects of the low energy dynamics, as much
as can be encoded in the 1d twisted partition functions of vortices. The main question we
ask is how the 3d Seiberg-like dualities manifest in the 1d vortex theory, and what else we
learn from such investigations.
Since Seiberg-like dualities change the UV data of 3d theory entirely, it is not clear
whether there is a simple meaningful action of this duality on vortices themselves. It does
preserve the partition function, yet we are asking about individual vortex sector contribu-
tions, an infinite number of which must be combined to contribute to a single 3d partition
function. Also the rank of the 3d theory changes and vortices are naturally associated with
the Cartan part of the gauge group, so the vortex number must change upon duality, even
if somehow the contributions remain intact sector by sector. This seems a contradiction
in itself, as we usually interpret the vortex contribution as coming from the low energy
quantum mechanics of the relevant topological sector, which is in turn closely related to
the Cartan U(1)’s of the gauge group.
A useful analogy can be learned from BPS monopoles in d = 4 [20, 21]. For a non-
Abelian Yang-Mills broken to the Cartan by a single adjoint Higgs field, there can be
as many “unit” magnetic monopole solutions as the number of positive roots; Along each
positive root, one can embed SU(2) and a unit magnetic monopole solution thereof. Upon a
closer look, however, one quickly realizes that most of such monopoles are composite states
of more than one “fundamental” monopoles [20]. Recall that the fundamental monopole
makes sense when the Yang-Mills group is broken to the Cartan, with help of real adjoint
Higgs vev h. The latter defines the positivity in the dual root space, which in turn divides
monopoles into BPS and anti-BPS. A BPS monopole, associated with positive dual root
α∗, is then generally written as
α∗ =
∑
naβ
∗
a
with nonnegative integers na, which defines the fundamental monopole charges β∗a. It is
easy to see that the collection {βa} can be regarded as a collection of simple roots, with the
positivity defined by h, and mass of the monopole is built additively from masses of these
fundamental monopoles. Such a monopole is separable into
∑
a na distinct fundamental
monopoles in real space.
Similarly, we will find that a notion of “fundamental” vortices emerges quite naturally.
For vortices in N = 2 theories, the 3d FI constants ξ, regarded as a vector in the gauged
Cartan subalgebra, will play the analog of h while the roles of magnetic charges (such as α∗
and β∗a) are played by the Chern numbers q of the vortices. As with the monopole analogy,
the fundamental vortices are those with “minimal” positive masses ξ ·qi > 0, so that general
positive vortices are constructed as
q =
∑
kiqi
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with nonnegative integer ki’s. For 3d N = 4 theories, for which ξ’s are naturally triplets,
we must also address why it makes sense to pick out one out of three possible directions for
ξ, which will be addressed later.
Then, what does happen to the theory of such fundamental vortices when 3d duality is
performed? Much like ADHM of instantons, the effective quantum mechanics of vortices,
whenever known, is of quiver type. Although this representation is not accurate enough
in dynamical sense, it appears to be good enough for some supersymmetric observables
such as the twisted partition function that enters the 3d partition functions. Our finding
shows the following: the quiver theory for vortices remains invariant, quite surprisingly,
upon Seiberg-like duality. Not only the quiver itself is invariant, so are the rank vectors.
Clearly, this 1d quiver theory describes the dynamics of the fundamental vortices, and the
invariance implies that the notion of these fundamental vortices is also robust under the 3d
duality as long as we correctly keep track of signs of 3d FI constants along the Seiberg-like
duality. The rule for the latter can be naturally inferred from quiver mutation mechanism
along with their underlying D-brane pictures.
Instead, the 1d vortex theory reacts to 3d duality by flipping sign(s) of some 1d FI
parameters ζ. Recall that in supersymmetric gauged quantum mechanics, the sign flip of
an FI parameter often causes a wall-crossing [22]. At the level of computation via JK-
residue sum, the sign flip implies that the list of contributing residues changes. Depending
on details of the quiver theory, this may or may not translate to different twisted partition
functions in the end [6]. When the result remains unchanged after the residue sum, our
assertion implies that not only the vortex quiver theory but the twisted partition function
contributing to 3d partition functions remain exactly the same despite the Seiberg-duality.
Since the vortex numbers in 3d sense differ between dual pairs, we will also identify a
canonical 3d theory in a given duality chain where the fundamental vortices are identified
by “unit” Chern numbers and where the resulting vortex quiver theory is most naturally
identified.
When 1d twisted partition functions do change, signalling nontrivial wall-crossing in the
vortex quiver theory, a new issue arises. Since such a wall-crossing tends to be universal for
all rank vectors, the discrepancies exist in an infinite number of vortex sectors. On the other
hand, 3d partition function itself has to be invariant under the duality, so there has to be
something else that corrects this change of vortex contributions. The answer to this is also
simple and elegant: Such discrepancies exist if and only if the Seiberg-like duality becomes
an Aharony type [23], where one must insert extra neutral chiral multiplets on the dual
side, usually coupled to monopole operators via F-term. Furthermore, an infinite number
of discrepancies sum up exactly to the simple perturbative contributions from such extra
chiral multiplets on the dual side, compensating the difference neatly. In effect, whenever
the 1d vortex theory undergoes a wall-crossing, we are witnessing a particle-vortex duality
embedded in the 3d Seiberg-like duality.
On the other hand, we must caution the readers against taking the low energy theory
of vortices too literally. What they keep track of is topological information rather than
dynamical one. For instance there are cases where, even though the vortex quiver theory
looks nontrivial, it has no supersymmetric vacua and thus offers no accompanying vortex
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contribution to the 3d partition function. This commonly indicates that the vortex in
question cannot be quantized preserving supersymmetry, but could also happen simply
because one side of a 3d dual pair has no gauge group. Clearly, we cannot really speak of
vortex dynamics in any dynamical sense on the side with no 3d gauge group, yet, amazingly,
the common 1d vortex quiver theory, naturally derived on the gauged side, correctly keeps
track of “vortex” contributions to both sides. In the absence of 1d wall-crossing, this would
tell us the gauged side has no supersymmetric and quantum vortex even though such a
solution is possible classically; in the presence of 1d wall-crossing, this would indicate that
a complete vortex-particle duality has occurred. In a way, such versatility of these 1d
fundamental vortices is both puzzling and intriguing.
In this note, we study and explore such relations between 3d Seiberg-like dualities and
1d wall-crossings with emphasis on concrete examples. For d = 3 N = 4 theories, the 3d/1d
relation can be recovered quite straightforwardly from Hanany-Witten D-brane realizations
which also tell us much about the 1d quiver theory of vortices. For 3d N = 2 theories,
things are no longer so simple. Among various complications are the rampant Chern-Simons
terms and how they modify the 1d quiver theory. Although the general answer to this can
be seen to be supersymmetry-preserving Wilson lines in the vortex quantum mechanics, we
find the details of how this is realized are actually ambiguous if one cares only about the
final twisted partition functions, chamber by chamber. In contrast, our main observation,
which gives an unambiguous rule for connecting different 1d chambers and thus related 3d
Seiberg-dual theories, will be used to resolve such ambiguities.
In section 2, we review some background materials for 3d supersymmetric gauge the-
ories and 1d gauged linear sigma model. In section 3, we discuss the quantum mechanics
descriptions for half-BPS vortices in 3d N = 4, 2 linear quiver gauge theories and compute
their refined Witten indices. In section 4, we examine the connection between vortex quan-
tum mechanics and 3d Seiberg-like dualities, in particular, for N = 2, 4 SQCD-like theories
with (anti-)fundamental matters and linear quiver theories with bi-fundamental matters.
Section 5 is a summary of the note. We also work out the factorization of the topologically
twisted index on S2 × S1 in Appendix A and prove some identities of 3d supersymmetric
partition functions for the Aharony duality in Appendix B.
2 Review
2.1 3d N = 2 gauge theories and Seiberg-like dualities
In this section we review some basic properties of 3d N = 2 supersymmetric gauge theories,
which will be relevant in the subsequent sections. As a concrete example, we consider a 3d
N = 2 theory with gauge group U(Nc). The theory contains an N = 2 vector multiplet,
which consists of a gauge field A, a real scalar σ, a two-component Dirac fermion, called a
gaugino, λ and an auxiliary real scalar D in the adjoint representation of the gauge group
U(Nc). One can also introduce a chiral multiplet, which consists of a complex scalar φ, a
two-component Dirac fermion ψ and an auxiliary complex scalar F . We here consider Nf
chiral multiplets Qia in the fundamental representation and Na chiral multiplets Q˜b˜i in the
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anti-fundamental representation where a = 1, . . . , Nf , b˜ = 1, . . . , Na and i = 1, . . . , Nc. A
holomorphic function W (Q, Q˜) of those chiral multiplets defines the superpotential, which
yields interaction terms of the theory.
Another type of an interaction that a 3d N = 2 theory has is the Chern-Simons
interaction. For the gauge group U(Nc), one can include the CS interaction of level κ:
LN=2CS =
κ
4pi
Tr
(
µνρ
(
Aµ∂νAρ − 2i
3
AµAνAρ
)
+ 2Dσ + λλ
)
(2.1)
where κ should satisfy κ+ Nf−Na2 ∈ Z due to the so-called parity anomaly. Moreover, one
can also turn on the additional CS interaction for the U(1) factor of the gauge group. This
U(1) CS interaction can be generalized such that one can consider a CS-like interaction
between different U(1) symmetries:
LN=2BF =
1
2pi
(
µνρA(1)µ ∂νA
(2)
ρ +D
(1)σ(2) +D(2)σ(1) +
1
2
(
λ
(1)
λ(2) + λ
(2)
λ(1)
))
. (2.2)
This is called a mixed CS interaction, or a BF interaction because it is a coupling between
field strength F of gauge field A(1) and another gauge field B = A(2). In particular there is
a special kind of a BF interaction which corresponds to the Fayet-Iliopoulos term. In 3d, a
U(Nc) gauge theory has a global symmetry whose conserved current is defined as follow:
j =
1
2pi
∗ TrF. (2.3)
This is usually called the topological symmetry, which we will denote by U(1)T . If we
consider the BF interaction between this U(1)T global symmetry and the U(1) factor of
the gauge symmetry, it gives rise to the following Lagrangian, which is the same as the FI
term:
LN=2FI =
1
2pi
Dξ (2.4)
where ξ is the real scalar in the background vector multiplet for the U(1)T symmetry.
The theory has the U(1)R R-symmetry as well as other global symmetries SU(Nf ) ×
SU(Na) × U(1)A × U(1)T . The charges of the fundamental and anti-fundamental chiral
multiplets Q, Q˜ are summarized in table 1.
Without the superpotential, the theory has supersymmetric vacua when max
(
κ,
|Nf−Na|
2
)
+
Nf+Na
2 ≥ Nc. The analysis of those supersymmetric vacua can be found in, e.g., [7, 25, 26].1
Here we briefly summarize the analysis of [7] for a U(1) theory.
After integrating out the auxiliary fields, one has the following semi-classical effective
potential:
V =
e2eff
32pi2
(∑
i
2pini|Qi|2 − ξeff − κeffσ
)2
+
∑
i
(mi + niσ)
2|Qi|2 (2.5)
1Also note that the algebraic structure of the vacuum moduli space, which is captured by the Hilbert
series, is examined in [27–29].
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U(Nc) SU(Nf ) SU(Na) U(1)A U(1)T U(1)R
Q Nc Nf 1 1 0 0
Q˜ Nc 1 Na 1 0 0
q Nc 1 Na −1 0 1
q˜ Nc Nf 1 −1 0 1
M 1 Nf Na 2 0 0
V± 1 1 1 −Nf+Na2 ±1
Nf+Na
2 −Nc + 1
Table 1. The symmetry charges of the chiral multiplets we introduce. Note that V± exist only
when κ ± Nf−Na2 = 0 respectively. The U(1)R charges are UV values we conventionally choose.
Their IR superconformal values are given by combinations of the UV R-charge and other global
U(1) charges, which can be determined by Z-extremization [24].
where Qi is the scalar in the i-th chiral multiplet of charge ni and real mass mi. eeff is the
effective gauge coupling. The quantum corrected FI parameter and CS level, ξeff and κeff,
are given by
ξeff = ξ +
1
2
∑
i
nimi sgn(mi + niσ), (2.6)
κeff = κ+
1
2
∑
i
n2i sgn(mi + niσ). (2.7)
The semi-classical vacua are given by the solutions of V = 0, or equivalently
F (σ) =
∑
i
2pini|Qi|2, (2.8)
(mi + niσ)Qi = 0 (2.9)
where we have defined
F (σ) ≡ ξeff + κeffσ (2.10)
= ξ + κσ +
1
2
∑
i
ni|mi + niσ|. (2.11)
Equations (2.8) and (2.9) allow three types of solutions: Higgs, Coulomb and topo-
logical vacua. A Higgs vacuum is a solution with the nonzero vacuum expectation value
〈Qi〉. Nonzero 〈Qi〉, from (2.9), requires the vanishing effective real mass, mi + niσ = 0.
For generic real masses, the Higgs vacua are isolated while for special values of real masses,
they can have a continuous moduli space called a Higgs branch.
A Coulomb vacuum is a solution with ξeff = κeff = 0, which implies that F (σ) =∑
i 2pini|Qi|2 = 0. There is a continuous moduli space of Coulomb vacua, which is param-
eterized by σ in a range keeping ξeff = κeff = 0. This is called a Coulomb branch.
A topological vacuum is a solution with F (σ) =
∑
i 2pini|Qi|2 = 0 but with nonzero
ξeff and κeff. Unlike the Coulomb vacuum, a topological vacuum is isolated, which reflects
the fact that there is no massless degree of freedom at a topological vacuum. Indeed, the
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low-energy effective theory at a topological vacuum is the N = 2 CS theory of level κeff. A
classical topological vacuum obtained from F (σ) = 0 acquires the topological multiplicity
|κeff| [7, 30].
A 3d N = 2 U(Nc) theory is known to have a dual gauge description. More precisely,
the 3d N = 2 U(Nc)κ gauge theory with Nf fundamental and Na anti-fundamental chiral
multiplets flows to the same IR fixed point as the U(NDc )−κ theory with Na fundamental
and Nf anti-fundamental chiral multiplets (and additional gauge singlet chiral multiplets
we explain shortly) flows to. The dual gauge rank, NDc , is determined as follows:
NDc =
{
max(Nf , Na)−Nc, |κ| ≤ |Nf−Na|2 ,
|κ|+ Nf+Na2 −Nc, |κ| >
|Nf−Na|
2 .
(2.12)
Originally the duality is proposed by Aharony for κ = Nf −Na = 0 [23] and by Giveon and
Kutasov for κ 6= Nf −Na = 0 [26]. Later those are generalized to arbitrary Nf , Na and κ
[31].
The dual theory contains additional gauge singlet chiral multiplets which couple to the
gauge theory via the superpotential. There are NfNa chiral multiplets M b˜a coupling to the
dual fundamental and anti-fundamental chiral multiplets as follows:
W = M b˜a q˜
i
b˜
qai . (2.13)
Those M b˜a correspond to the meson operators in the original theory, QiaQ˜b˜i , whose vac-
uum expectation values parameterize the Higgs branch of the moduli space. Due to the
superpotential, the dual mesons qai q
i
b˜
cannot have the vacuum expectation values.
In addition, there is another chiral multiplet V± if κ = ∓Nf−Na2 respectively. For each
case, the dual theory has a gauge invariant monopole operator v∓, which couples to V± as
follows:
W = δ2κ,Na−NfV+v− + δ2κ,Nf−NaV−v+. (2.14)
Due to this superpotential, v± cannot have the vacuum expectation values while the vacuum
expectation values of V± parameterize the Coulomb branches of the moduli space. The
charges of those extra chiral multiplets are summarized in table 1.
Note that the duality patterns for Nf 6= Na are distinguished into two classes: |κ| <
|Nf−Na|
2 and |κ| >
|Nf−Na|
2 . In [31] the former is called maximally chiral, whose duality
pattern resembles the Aharony duality, while the latter is called minimally chiral, whose
duality pattern resembles the Giveon-Kutasov duality. In this note, for brevity, we call the
Seiberg-like dualities for |κ| ≤ |Nf−Na|2 Aharony dualities and the dualities for |κ| >
|Nf−Na|
2
Giveon-Kutasov dualities.
The Aharony duality and the Giveon-Kutasov duality are inferred from the Hanany-
Witten transitions [32] between the brane setups illustrated in figure 1 and figure 2. In
the brane picture, those two dualities can be distinguished by whether (1, k+)-brane and
– 8 –
NS5
Nc D3
Nf D5
Na D5
ξ
(1,k+)
(1,k-)
Nf D5
Na D5
Nf-Nc D3
ξ
(1,k+)
(1,k-)
NS5
Figure 1. The brane motion representing the Aharony duality. The spacetime directions occupied
by each brane are summarized in table 2. Due to the Hanany-Witten effect, the number of the D3-
branes changes from Nc to Nf −Nc when the NS5-brane passes through D5-branes.
NS5
Nc-N’ D3
N’ D3
Nf D5
Na D5
ξ
(1,k+)
(1,k-)
Nf D5
Na D5 Nf-Nc+N’ D3
|k+|-N’ D3ξ
(1,k+)
(1,k-)
NS5
Figure 2. The brane motion representing the Giveon-Kutasov duality. The spacetime directions
occupied by each brane are summarized in table 2. For positive FI parameter ξ > 0, one end of a D3-
brane is attached either to D5-brane or to (1, k+)-brane. In the figure, N ′ D3-branes are ending on
the (1, k+)-brane. Recall that k+ = κ+
Nf−Na
2 , which is negative in the figure. After the NS5-brane
passes through D5-branes, (and the (1, k+)-brane,) there are |k+| + Nf −Nc = |κ| + Nf+Na2 −Nc
D3-branes due to the Hanany-Witten effect.
(1, k−)-brane belong to the same side or not with respect to x6 = 0. k+ and k− are
the effective CS levels for σ → ∞ and σ → −∞ respectively. They are determined by
k± = κ+
Nf−Na
2 .
The original and dual 3d gauge theories are realized as the effective theories on D3-
branes. Since the D3-branes are stretched along a finite interval in the 9-direction, the
– 9 –
Branes 0 1 2 3 4 5 6 7 8 9
NS5 × × × × × ×
(1, k±) × × × · · × ×
D5 × × × × × ×
D3 × × × ×
Table 2. The spacetime directions occupied by the branes in figure 1 and figure 2 are marked by
×. The (1, k±)-branes occupy 1-dimensional subspaces in the 56-plane.
effective theory is three dimensional. In figure 1, due to the Hanany-Witten effect, the
number of the D3-branes changes from Nc to Nf −Nc when the NS5-brane passes through
D5-branes. In figure 2, on the other hand, the NS5-brane also meets the (1, k+)-brane such
that there are |k+|+Nf −Nc = |κ|+ Nf+Na2 −Nc D3-branes after the transition. We have
assumed positive FI parameter ξ > 0. Those transitions of the number of the D3-branes
reflect the rank of the dual gauge group shown in (2.12).
In figure 1 a D3-brane is attached to a D5-brane while in figure 2 a D3-brane is at-
tached either to a D5-brane or to a (1, k+)-brane. It indicates that a theory exhibiting
the Aharony duality, with a suitable FI parameter, has only Higgs vacua while a theory
exhibiting the Giveon-Kutasov duality has both Higgs vacua and topological vacua. In this
note, our main interests are vortex states sitting at Higgs vacua and their behavior under
Seiberg-like dualities. For this reason, we will focus on theories with Higgs vacua only and
vortices therein. Under Aharony dualities of those theories, vortex states, which are excited
by monopole operators, are partly mapped to particle states excited by elementary fields
in dual theories. This phenomenon is called the particle-vortex duality, which is generic
for 3d dualities even without supersymmetry. Non-supersymmetric particle-vortex dualities
[33–37] and their connections to supersymmetric dualities such as the 3d mirror symmetry
[25, 38, 39] have been discussed recently [40–44]. Indeed, the Aharony duality is also a type
of the particle-vortex duality and should tell us something about the connection between
vortex states and particle states. In section 4, we will see that this connection between vor-
tex and particle states can be understood in the perspective of vortex quantum mechanics
by examining the behavior of vortex quantum mechanics under the Aharony duality.
Next we consider a 3d N = 4 U(Nc) gauge theory. A 3d N = 4 theory has the
SO(4)R = SU(2)H × SU(2)C R-symmetry. An N = 4 vector multiplet contains an N = 2
vector multiplet and an N = 2 chiral multiplet Φ in the adjoint representation of the gauge
group. Three real scalars in the N = 4 vector multiplet, one from the N = 2 vector and
two from the adjoint chiral multiplet, form a triplet of SU(2)C . Another N = 4 multiplet
is a hypermultiplet. It consists of a pair of N = 2 chiral multiplets Q, Q˜ whose scalars
are organized to form a doublet of SU(2)H . We consider Nf hypermultiplets in the fun-
damental representation of the gauge group. Thus, the theory has SU(Nf )×U(1)T global
symmetries where U(1)T is the topological symmetry defined by the current (2.3). The
theory has the superpotential W = Q˜ΦQ in N = 2 language.
– 10 –
Branes 0 1 2 3 4 5 6 7 8 9
NS5 × × × × × ×
D5 × × × × × ×
D3 × × × ×
Table 3. The spacetime directions occupied by the branes in figure 3 are marked by ×.
3d N = 4 U(Nc) gauge theories with fundamental hypermultiplets are classified into
three classes according to the number of the hypermultiplets: good, ugly and bad [45, 46].
When Nf > 2Nc − 1, the theory is called good. The gauge invariant monopole operators
of a good theory has the conformal dimensions larger than 1/2, which are required for the
unitarity at the interacting IR fixed point.
When Nf = 2Nc − 1, the theory is called ugly. There is a gauge invariant monopole
operator having conformal dimension 1/2. Since an operator of conformal dimension 1/2 in
a 3d superconformal theory is free, this monopole operator decouples from the interacting
IR fixed point theory. Apart from this decoupled monopole operator, which is described by
a free twisted hypermultiplet,2 the interacting IR fixed point allows another UV description,
the U(Nc − 1) gauge theory with Nf fundamental hypermultiplets [45, 46].
WhenNc ≤ Nf < 2Nc−1, the theory is called bad. There are gauge invariant monopole
operators having the UV R-charges less than (or equal to) 1/2. If those UV R-charges are
maintained in the IR limit, the naive conformal dimensions, which are the same as the
R-charges, break the unitarity of the theory. However, it is argued that a bad theory
has accidental IR symmetries. The UV R-charges are corrected by those accidental IR
symmetry charges such that the IR R-charges of the monopole operators, and accordingly
their conformal dimensions, become 1/2. Thus, those monopole operators decouple from
the interacting IR fixed point theory. Again this interacting IR fixed point allows dual UV
description, the U(Nf − Nc) theory with Nf fundamental hypermultiplets [47–49]. The
decoupled monopole operators are described by 2Nc −Nf free twisted hypermultiplets.
In conclusion, the N = 4 U(Nc) theory with Nf fundamental hypermultiplets has the
Seiberg-like dual theory, which is given by the N = 4 U(Nf −Nc) theory with Nf hyper-
multiplets and 2Nc − Nf decoupled free twisted hypermultiplets. This duality is realized
as the Hanany-Witten transition illustrated in figure 3.
2.2 1d N = 2 GLSMs and the refined Witten indices
Next let us briefly review the properties of a 1d N = 2 supersymmetric gauged linear sigma
model with gauge group G. The theory contains a 1dN = 2 vector multiplet, which consists
of a gauge field vt, a real scalar σ, a gaugino λ and an auxiliary real scalar D in the adjoint
representation of G. One can introduce a 1d N = 2 chiral multiplet as well, which consists
of a scalar φ and a fermion ψ in representation Vchiral of G. In addition, there is another
supersymmetric multiplet not appearing in higher dimensions: a fermi multiplet. An N = 2
2Two scalars in a hypermultiplet form a doublet of SU(2)H while two scalars in a twisted hypermultiplet
form a doublet of SU(2)C .
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NS5
Nc D3 NS5
Nf-Nc D3
Nf D5
ξ
NS5
Nc D3
NS5
Nf-Nc D3
Nf D5
ξ
Figure 3. The brane motion representing the Seiberg-like duality of a 3d N = 4 SQCD. The
spacetime directions occupied by each brane are summarized in table 3.
fermi multiplet consists of a fermion η and an auxiliary scalar F in representation Vfermi ofG.
One should note that the supersymmetry transformation of the fermi multiplet (η, F )
is determined by a G-equivariant holomorphic map E : Vchiral → Vfermi, which satisfies
E(gφ) = gE(φ):
δη = F + E(φ), (2.15)
δF = 
(
−iD(+)t η + ψi∂iE(φ)
)
(2.16)
where D(+)t = ∂t + ivt + iσ. (φ, ψ) is a chiral multiplet in representation Vchiral. The
supersymmetric kinetic term of the fermi multiplet is thus given by
Lfermi = iηD
(+)
t η + FF − E(φ)E(φ)− η∂iE(φ)ψi − ψ
i¯
∂i¯E(φ)η, (2.17)
which includes the interaction terms associated to E(φ).
There is a different type of an interaction associated to another G-equivariant holo-
morphic map J : Vchiral → V ∗fermi satisfying J(φ)E(φ) = 0. Given such a map J(φ), one can
turn on the following supersymmetric interaction:
LJ = ψ
i∂iJ(φ)η − J(φ)F + c.c., (2.18)
which is called the F -term associated with the superpotential W = J(φ)η.
In addition, a 1d N = 2 GLSM can include the Fayet-Iliopoulos term as well as the
supersymmetric Wilson line. If G contains U(1) factors, there is an adjoint invariant linear
form ζ : ig→ R, which defines the FI interaction term:
LFI = −ζ(D). (2.19)
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Given a Z2 graded vector space M with a hermitian inner product, the N = 2 supersym-
metric Wilson line is defined by
Pexp
(
−i
∫
Atdt
)
, (2.20)
At = ρ(vt + σ)− ψi∂iQ(φ) + ψi¯∂i¯Q(φ)† + {Q(φ), Q(φ)†} (2.21)
with ρ : G → U(M), a unitary representation of G on M and Q : Vchiral → Endod(M), a
G-equivariant holomorphic map satisfying Q(φ)2 = 0.
With the canonical interaction terms in the supersymmetric kinetic terms of the vector
multiplet and the chiral multiplet, those supersymmetric interaction terms determine the
interactions of a 1d N = 2 GLSM. More details about 1d N = 2 GLSMs can be found in,
e.g., [6].
One can define the refined Witten index [50, 51] of a 1d N = 2 GLSM with flavor
twists as follows:
I = Tr
[
(−1)F e−βHxGF
]
(2.22)
where we collectively denote the flavor symmetry generators by GF . For a compact theory,3
the refined Witten index can be computed as the twisted partition function on S1, whose
path integral in the end is reduced to a finite matrix integral over bosonic zero modes
u ∈ (C∗)r where r is the rank of G [6, 53, 54].
This bosonic zero mode integration is encapsulated in the Jeffrey-Kirwan residue [55]
as follows:
I =
1
|W|
∑
u∗∈M∗sing
JK-Resu=u∗(Q(u∗), η) [g(u)d
ru] . (2.23)
|W| is the Weyl group order of the gauge group. The integrand g(u) is determined by the
Wilson line contribution and the 1-loop determinant of each multiplet:
W (u) =
∑
k∈K
(−1)rkeqk(u)+qFk (µ),
gvector(u) =
∏
α∈∆G
2 sinh
−α · u
2
,
gchiral(u) =
∏
a
∏
ρ∈Ra
1
2 sinh ρ·u+Fa·µ2
,
gfermi(u) =
∏
b
∏
ρ∈Rb
2 sinh
−ρ · u− Fa · µ
2
(2.24)
3What we mean by the refined Witten index in this note is, strictly speaking, the twisted partition
function computed by the localization procedure. For theories with non-compact low energy dynamics
in the limit of vanishing chemical potentials, there are many subtleties in relating the two objects. For
instance, the Witten index, usually understood to be defined with the L2 boundary condition, needs not
be computable as a limit of the twisted partition function. See [52] for more discussions. Nevertheless, we
stick to the former nomenclature in this note since it is not clear, a priori, whether the vortex theory in
question makes the usual sense in the vanishing limit of 3d real masses.
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where the flavor chemical potential is denoted by x = eµ. For the Wilson line contribution,
we have adopted the weight decomposition of M ,
M = ⊕k∈KC
(
qk, q
F
k
)
[rk] (2.25)
where the Z2-grade of M is labeled by rk with rk = 0 for the even part and rk = 1 for the
odd part. For the 1-loop determinants, ∆G denotes the set of the roots of the gauge group
G. a and b label chiral and fermi multiplets respectively, each of which has flavor charge
Fa,b and gauge representation Ra,b. The integrand g(u) is given by the product of those
factors in (2.24).
Each factor in the denominator of g(u) defines a hyperplane in (C∗)r. The set of the
poles determined by intersections of such hyperplanes is denoted by M∗sing. The charge
vectors associated to u∗ ∈M∗sing is collectively denoted by Q(u∗). Q(u∗) is assumed to be
projective for every u∗ ∈M∗sing; i.e., every charge vector in Q(u∗) belongs to the same half
space.
For simplicity, let us assume u∗ = 0; generic u∗ can be restored by a coordinate shift.
When the pole at u = 0 is not degenerate, i.e., exactly r linearly independent hyperplanes
intersect at u = 0, the JK-residue with given η is evaluated as follow [55, 56]:
JK-Resu=0(Q(0), η)
dru∏r
p=1Qip · u
=
{
1
|det(Qi1 ...Qir )|
, if η ∈ Cone(Qi1 , . . . , Qir),
0, otherwise.
(2.26)
The auxiliary JK-vector η determines which poles contribute to the result while the final
result is independent of the choice of η. η should be generic, i.e., it shouldn’t be a linear
combination of less than r charge vectors. When the pole is degenerate, a constructive
definition of the JK-residue can be used [56, 57], which is also reviewed in [5].
We also comment that a pole would be an intersection of r − 1 hyperplanes and the
asymptotic infinity where we associate the charge vector −ζ to the latter. In most cases,
however, we choose η belonging to the same chamber as ζ in the charge space such that the
asymptotic poles do not participate in the actual computation.4
3 Vortex quantum mechanics
3.1 Tρ[SU(N)]
First, we review brane constructions of vortex quantum mechanics [19, 58, 59] for 3d N = 4
linear quiver gauge theories called Tρ[SU(N)] (figure 4). The Hanany-Witten brane setup
of the linear quiver gauge theory is shown in figure 5. The L+ 1 NS5-branes extend along
012345-directions with separations in the 9-direction. The Nl=1,2,··· ,L D3-branes extend
along 0129-directions and are stretched between two adjacent NS5-branes. These D3-branes
4Nevertheless, those asymptotic poles and their residues are important to understand the wall-crossing
of a 1d GLSM. See [6] for related discussions.
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Figure 4. The quiver diagram for Tρ[SU(N)] with ρ = (N1, N2 − N1, · · · , NL+1 − NL) and
N := NL+1. A circle with Nl expresses the N = 4 U(Nl) vector multiplet. A line attached
between two circles with Nl and Nl+1 expresses an N = 4 bi-fundamental hypermultiplet. A line
attached between the circle with NL and the box with NL+1 represents NL+1 U(NL) fundamental
hypermultiplets.
Figure 5. The brane configuration of Tρ[SU(N)]. The vertical lines express NS5-branes and the
horizontal lines express D3-branes.
give rise to the N = 4 ∏Ll=1 U(Nl) vector multiplets and also L− 1 bi-fundamental hyper-
multiplets. The NL+1 D5-branes extending along 012678-directions give NL+1 fundamental
hypermultiplets of a gauge group U(NL). The theory has the flavor symmetry SU(NL+1)
as well as the R-symmetry SU(2)C × SU(2)H .
One can introduce an FI term for each U(1) factor of the gauge group. Each FI
parameter is a triplet of SU(2)H , which can be decomposed into one real and one complex
FI parameters. Since we are interested in the half-BPS vortex solutions, which are in
general allowed only for the vanishing complex FI parameters [59], we only turn on the real
FI parameters (ξ1, ξ2, · · · , ξL) for the gauge group
∏L
l=1 U(Nl). The R-symmetry group
SU(2)C × SU(2)H is broken to SU(2)C × U(1)H in the presence of the FI term.
In the brane setup, the nonzero real FI parameters are achieved by separations of the
NS5-branes along the 6-direction. We also take the NL+1 D5-branes to the right in the 9-
direction. When the D5-branes across the rightmost NS5-brane, the D3-brane annihilations
and creations occur and NL+1−NL D3-branes suspended between the rightmost NS5-brane
and the D5-branes appear. Then we obtain a brane configuration sketched in figure 6. The
magnitude of an FI parameter ξl is proportional to the distance between Nl+1 − Nl D3-
branes and Nl −Nl−1 D3-branes in the 6-direction.
The half-BPS vortices are engineered by nl=1,··· ,L D1-branes stretched between D3-
branes as shown in figure 7, where the world-volume of D1-branes are 06-directions. By
sending NL+1 D5-branes to right infinity in the 9-direction, one can read off the world-
volume theory of D1-branes, which is 1d N = 4 supersymmetric quiver quantum mechanics.
The quiver diagram of the quantum mechanics is specified by figure 8. The closed loops of
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Figure 6. The brane configuration for a Higgs branch. The horizontal lines are D3-branes sus-
pended between a NS5-brane and D5-branes. The distance between Nl+1 − Nl D3-branes and
Nl −Nl−1 D3-branes along the 6-direction is proportional to the magnitude of FI parameter ξl of
U(Nl).
Figure 7. The brane configuration of the (n1, n2, · · · , nL) vortex. The vertical red lines express
D1-branes.
arrows in figure 8 correspond to the following superpotential terms:
W =
L−1∑
l=1
JlClIl+1 +
L−1∑
l=1
TrBlClAl −
L−1∑
l=1
TrBl+1AlCl (3.1)
where Il, Jl and Bl are Nl−Nl−1 fundamental, Nl+1−Nl anti-fundamental and an adjoint
chiral multiplets of a gauge group U(nl), respectively. Al and Cl are U(nl) × U(nl+1) bi-
fundamental chiral multiplets. The moduli space of vortices is given by the D-term and
F-term solution of the quiver quantum mechanics. The gauge coupling el of 3d gauge group
U(Nl) is related to the FI parameter ζl of 1d gauge group U(nl) as ζl = 2pi/e2l .
The global symmetry group of the 1d N = 4 quantum mechanics is [∏L+1l=1 U(Nl −
Nl−1)]/U(1)L × SU(2)C × U(1)H × U(1)Z , where U(1)Z is associated with the rotation in
the 12-directions and SU(2)C ×U(1)H is the R-symmetry group, which descends from the
3d R-symmetry. The diagonal combination U(1) := diag(U(1)H ×U(1)Z) commutes with
the 1d supersymmetry and acts on each multiplet as a flavor symmetry [59]. The charge
assignment is summarized in table 4.
Now we would like to compute the index of this vortex quantum mechanics. The refined
Witten index of N = 4 handsaw quiver quantum mechanics is written as [6]
I = Tr
[
(−1)F yR−2J3
∏
a
x
G
(a)
F
a
]
(3.2)
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Figure 8. The quiver diagram for the (n1, n2, · · · , nL) vortex world-line theory. The circle with nl
expresses the 1d N = 4 U(nl) vector multiplet and the arrows express 1d N = 4 chiral multiplets.
The box with Nl −Nl−1 expresses the number of chiral multiplets.
U(nl) U(nl+1) U(Nl −Nl−1) U(Nl+1 −Nl) U(1)H U(1)
Il nl 1 Nl −Nl−1 1 0 −1
Jl nl 1 1 Nl+1 −Nl 0 −1
Al nl nl+1 1 1 0 0
Bl adj 1 1 1 0 −2
Cl nl nl+1 1 1 2 2
Table 4. The symmetry charges of the 1d N = 4 chiral multiplets we introduce. There is also
the SU(2)C symmetry, which is a part of the 1d R-symmetry. All the multiplets in the table carry
spin zero under this SU(2)C , i.e., J3 = 0.
where J3 is the Cartan generator of SU(2)C and R is the generator of U(1)H . xa’s denote
fugacities for the [
∏L+1
l=1 U(Nl −Nl−1)]/U(1)L × U(1) flavor symmetry. G(a)F is the corre-
sponding flavor charge for xa. More explicitly, we set y = eµ as well as the other flavor
fugacities: eγ for U(1) and em
(l)
a (a = 1, · · · , Nl−Nl−1) for the Cartan part of U(Nl−Nl−1).
As discussed in the previous section, this refined Witten index is given by the following
JK-residue:5
I =
1
|W|JK-Resη=ζ [g(u)d
ru] (3.3)
where
g(u) =
(
1
2 sinh −2µ2
)∑L
l=1 nl L∏
l=1
 nl∏
i 6=j
sinh
u
(l)
i −u(l)j
2
sinh
u
(l)
i −u(l)j −2µ
2
 nl∏
i,j=1
sinh
u
(l)
i −u(l)j −2µ−2γ
2
sinh
u
(l)
i −u(l)j −2γ
2

×
nl+1∏
i=1
nl∏
j=1
sinh
u
(l+1)
i −u(l)j −2µ
2
sinh
u
(l+1)
i −u(l)j
2
nl+1∏
i=1
nl∏
j=1
sinh
−u(l+1)i +u(l)j +2γ
2
sinh
−u(l+1)i +u(l)j +2µ+2γ
2

×
 nl∏
i=1
Nl∏
b=Nl−1
sinh
u
(l)
i −mb−2µ−γ
2
sinh
u
(l)
i −mb−γ
2
 nl∏
j=1
Nl+1∏
a=Nl
sinh
−u(l)j +ma−2µ−γ
2
sinh
−u(l)j +ma−γ
2
 . (3.4)
5“η = ζ” means that η is generic but belongs to the same chamber as (ζ1~1N1 , . . . , ζL~1NL) in the charge
space.
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We have defined nL+1 = 0. Since g(u) has degenerate poles for general gauge ranks nl, the
JK-residue computation requires a constructive definition of the JK-residue called the flag
method [5], which is very complicated to do analytically. Instead we adopt a prescription
for the selection of the contributing poles and conduct tests for the prescription numerically.
Motivated by the honest computation for L = 1 in section 4.2, we select the following poles:
u
(l)
i = ma + (2ka − 1)γ, a ∈ {1, . . . , Nl}, ka ∈ {1, . . . , n(l)a } (3.5)
where (n(l)1 , . . . , n
(l)
Nl
) is a partition of nl, i.e., an ordered set of Nl nonnegative integers
satisfying
∑Nl
a=1 n
(l)
a = nl. Every pair (a, ka) is assigned to one of i = 1, . . . , nl exactly once.
Evaluating the residue at each pole, we have
I =
L∏
l=1
Nl+1∏
a=1
Nl∏
b=1
n
(l+1)
a∏
ka=1
sinh ma−mb+2(n
(l+1)
a −ka)γ
2
sinh ma−mb−2µ+2(n
(l+1)
a −ka)γ
2
Nl∏
a,b=1
n
(l)
a∏
ka=1
sinh
ma−mb−2µ+2(ka−n(l)b −1)γ
2
sinh
ma−mb+2(ka−n(l)b −1)γ
2
′
×
Nl+1∏
a=1
Nl∏
b=1
n
(l)
b∏
kb=1
sinh ma−mb−2µ+2(n
(l+1)
a −kb)γ
2
sinh ma−mb+2(n
(l+1)
a −kb)γ
2
Nl∏
a,b=1
n
(l)
b∏
kb=1
sinh
ma−mb+2(kb−n(l)b −1)γ
2
sinh
ma−mb−2µ+2(kb−n(l)b −1)γ
2

′
(3.6)
where ′ denotes that the vanishing factors are omitted. The permutations among u(l)i ’s give
rise to factor nl!, which cancels the Weyl group factor |W|. The detailed computation of
(3.6) is similar to that of the single gauge node case, which is explicitly described in section
4.2. Using
(a; q)n−m =
(aq−m; q)n
(aq−m; q)m
, (3.7)
(3.6) is further simplified such that the final expression of the index is given by
I =
L∏
l=1
 Nl∏
a,b=1
n
(l)
a −n(l)b∏
k=1
sinh ma−mb−2µ+2(k−1)γ2
sinh ma−mb+2(k−1)γ2

Nl+1∏
a=1
Nl∏
b=1
n
(l)
b −n
(l+1)
a∏
k=1
sinh ma−mb−2µ−2kγ2
sinh ma−mb−2kγ2
 ,
(3.8)
which agrees with the vortex partition function of Tρ[SU(N)] obtained in [60] using the
factorization of the S3b partition function. We also conduct the numerical computation of
(3.3) using the flag method and confirm that it agrees with (3.8).
3.2 N = 2 linear quiver gauge theories
Now we would like to extend our discussion of vortex quantum mechanics to 3dN = 2 linear
quiver gauge theories. Unlike Tρ[SU(N)], the brane setup of an N = 2 linear quiver theory
– 18 –
N1 N2 NL+1
Figure 9. The quiver diagram representation of Tρ[SU(N)] is illustrated in terms of N = 2
multiplets. A round node represents a gauge group factor with a corresponding N = 2 vector
multiplet. Each arrow represents an N = 2 chiral multiplet in the bi-fundamental representation
between the gauge group factors connected by the arrow. A square node represents flavor group
factor.
N1 N2 NL+1
Figure 10. The quiver diagram representation of the 3d N = 2 theory deformed from Tρ[SU(N)].
The deformed theory also includes various CS/BF interactions.
is in general not known. Thus, one cannot directly read off vortex quantum mechanics from
the brane setup. Here, instead, we take an indirect approach: we first consider the N = 2
deformation of the previous N = 4 Tρ[SU(N)] example. Figure 9 represents Tρ[SU(N)]
in terms of N = 2 multiplets. In general, one can deform a 3d theory by turning on real
mass for a global symmetry. Here we turn on real mass for the U(1)A symmetry, which
is the off-diagonal combination of two SU(2) R-symmetries. Since this real mass breaks
the R-symmetry SU(2)2 to U(1)R × U(1)A where U(1)A is a non-R global symmetry, the
deformed theory only preserves N = 2 supersymmetry. In addition, we also turn on the
vacuum expectation values of vector multiplet scalars such that only the right-directed
chiral multiplets in figure 9 remain massless. Thus, the deformed theory is given by figure
10.
We emphasize that this deformation of Tρ[SU(N)] incorporates various CS/BF interac-
tions in the deformed N = 2 theory. First, the fermions in the left-directed bi-fundamental
chiral multiplets, which are integrated out, leave their remnants as the CS/BF interactions
of levels
κ(l) =
Nl−1 +Nl+1
2
,
κ
(l,l+1)
U(1) = −
1
2
(3.9)
where we have defined N0 = 0. κ(l) is the CS level for the l-th gauge node and κ
(l,l+1)
U(1) is
the BF level between the U(1) factors of the l-th and (l+ 1)-th gauge nodes. The U(1) BF
level is normalized such that the corresponding Lagrangian term is given by
κ
(l,l+1)
U(1)
2pi
TrA(l)dTrA(l+1). (3.10)
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n1 n2 nL
N1 N2-N1 NL-1-NL NL+1-NL
Figure 11. The quiver diagram representation of vortex quantum mechanics for the N = 2
deformed theory of Tρ[SU(N)].
Second, the fermions in adjoint chiral multiplets, which are parts of the N = 4 vector
multiplets, also give CS interactions but only for the SU(N) parts:
κ
(l)
SU(N) = −Nl. (3.11)
Combining (3.9) and (3.11), the induced CS/BF levels by the deformation are as follows:
κ(l) =
Nl−1 +Nl+1
2
−Nl,
∆κ
(l)
U(1) = 1,
κ
(l,l+1)
U(1) = −
1
2
(3.12)
with N0 = 0. For later convenience, we organize the SU(N) and U(1) CS levels such
that they are given by U(N) CS levels, κ(l), and additional level shifts for the U(1) parts,
∆κ
(l)
U(1). Again κ
(l,l+1)
U(1) is the BF level between the l-th and (l + 1)-th gauge nodes.
We have realized the N = 2 deformation of Tρ[SU(N)] by turning on real mass associ-
ated with the U(1)A symmetry, which is the off-diagonal combination of SU(2)C×SU(2)H .
The 3d SU(2)C × SU(2)H R-symmetry is broken to SU(2)C × U(1)H for nonzero 3d FI
parameters and descends down to the 1d R-symmetry of vortex quantum mechanics. We
have denoted the (Cartan) generators of 1d SU(2)C×U(1)H R-symmetry by J3 and R. The
1d version of the U(1)A symmetry is thus generated by R− 2J3, whose mass parameter is
denoted by µ. Recall that the charges of the 1d multiplets are summarized in table 4. Each
N = 4 chiral multiplet of R− 2J3 = r is decomposed into an N = 2 chiral of R− 2J3 = r
and an N = 2 fermi of R − 2J3 = r − 2. Thus, one can read off the N = 2 chiral/fermi
multiplets charged under U(1)A, which become massive under the deformation µ → ∞.
After integrating them out, the remaining quantum mechanics is given by figure 11.
Note that the integrated out 1d multiplets leave their remnants as Wilson lines in
quantum mechanics. First, the fundamental and anti-fundamental fermi multiplets induce
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the following gauge/global Wilson lines:6
L∏
l=1
e
ql
∑nl
i=1 u
(l)
i +
1
2
nl
∑Nl
a=Nl−1+1ma−
1
2
nl
∑Nl+1
a=Nl+1
ma (3.13)
where the gauge Wilson line charge,
ql =
Nl−1 +Nl+1
2
−Nl, (3.14)
coincides with the CS level κ(l) of the 3d theory. Second, the bi-fundamental chiral and
fermi multiplets that are integrated out induce the following global Wilson lines:
L−1∏
l=1
e−nlnl+1γ . (3.15)
Last, the adjoint chiral and fermi multiplets that are integrated out induce global Wilson
lines
L∏
l=1
en
2
l γ . (3.16)
Those gauge/global Wilson lines should be the quantum mechanics counterparts of the
CS/BF interactions in the deformed 3d theory. By comparing them with the result from
the factorization of the 3d topologically twisted index, which is shown in appendix A, one
can identify the 3d origin of each Wilson line. It turns out that the 3d CS/BF interactions
of the levels (3.12) have their Wilson line counterparts in quantum mechanics as follows:
L∏
l=1
eκ
(l)
∑nl
i=1 u
(l)
i ,
L∏
l=1
e
∆κ
(l)
U(1)
(n2l γ+nl
∑Nl
a=1ma),
L−1∏
l=1
e
κ
(l,l+1)
U(1)
(2nlnl+1γ+nl
∑Nl+1
a=1 ma+nl+1
∑Nl
a=1ma)
(3.17)
where we have used
∑NL+1
a=1 ma = 0, the traceless condition for SU(NL+1). Indeed, from
the factorization result, we expect that (3.17) is not restricted to the specific levels in (3.12)
but is generally applicable. Thus, we conclude that a 3d N = 2 linear quiver gauge theory
of figure 10 with CS/BF levels κ(l), ∆κ(l)U(1) and κ
(l,l+1)
U(1) has vortex quantum mechanics of
figure 11 with the Wilson lines (3.17). Those Wilson lines will play important roles when
we discuss Seiberg-like dualities for N = 2 linear quiver theories in the next section.
6(3.13) is the Wilson line value at a saddle point of the localization. One can easily restore their full
Lagrangian expressions.
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Next we move on to the index of this vortex quantum mechanics. The refined Witten
index is given by
I =
1
|W|JK-Resη=ζ [g(u)d
ru] (3.18)
where g(u) is now written as
g(u) = W (u)
L∏
l=1
(∏nl
i 6=j sinh
u
(l)
i −u(l)j
2
)(∏nl+1
i=1
∏nl
j=1 sinh
u
(l+1)
i −u(l)j −2γ
2
)
(∏nl
i,j=1 sinh
u
(l)
i −u(l)j −2γ
2
)(∏nl+1
i=1
∏nl
j=1 sinh
u
(l+1)
i −u(l)j
2
)
× 1(∏nl
i=1
∏Nl
b=Nl−1+1 sinh
u
(l)
i −mb−γ
2
)(∏nl
j=1
∏Nl+1
a=Nl+1
sinh
−u(l)j +ma−γ
2
) (3.19)
with nL+1 = 0. W (u) is the Wilson line contribution given by the product of the three fac-
tors in (3.17). We adopt the same prescription as in Tρ[SU(N)] which selects the following
poles contributing to the index:
u
(l)
i = ma + (2ka − 1)γ, a ∈ {1, . . . , Nl}, ka ∈ {1, . . . , n(l)a }. (3.20)
(n
(l)
1 , . . . , n
(l)
Nl
) is a partition of nl into Nl nonnegative integers. Again every pair (a, ka) is
assigned to one of i = 1, . . . , nl exactly once. Along the same computations as in Tρ[SU(N)],
the final expression of the index is obtained as follows:
I = W
L∏
l=1
 Nl∏
a6=b
n
(l)
a −n(l)b∏
k=1
sinh
ma −mb + 2(k − 1)γ
2

−1
×
Nl+1∏
a=1
Nl∏
b=1
n
(l)
b −n
(l+1)
a∏
k=1
sinh
ma −mb − 2kγ
2

−1
(3.21)
where the Wilson line contribution W is given by
W =
L∏
l=1
eκ
(l)
∑Nl
a=1(n
(l)
a ma+n
(l)
a
2γ)e
∆κ
(l)
U(1)
(n2l γ+nl
∑Nl
a=1ma)
× eκ
(l,l+1)
U(1)
(2nlnl+1γ+nl
∑Nl+1
a=1 ma+nl+1
∑Nl
a=1ma). (3.22)
We also conduct the numerical computation of (3.18) using the flag method [5] and confirm
that it agrees with (3.21). Indeed, (3.21) agrees with (A.26), the vortex partition function
obtained from the factorization of the 3d topologically twisted index.
We have seen that the index of quantummechanics in figure 11 gives the vortex partition
function of the 3d linear quiver gauge theory in figure 10, which is also obtained from
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the factorization of a 3d supersymmetric partition function. Introducing 2d parameters
m2da = r
−1ma, γ2d = r−1γ, one can also consider the 2d reduction of the 3d vortex partition
function, which is equivalent to (3.21), by taking the limit r → 0. We observe that the
2d reduction of (3.21) correctly reproduces the known 2d vortex partition function [61].
This is another evidence that quantum mechanics in figure 11 describes vortices of the 3d
theory in figure 10. Moreover, one should note that nontrivial Wilson lines are allowed in
the quantum mechanics description. We have fine-tuned those Wilson lines so that they
correctly reflect CS/BF interactions of the parent 3d theory.
We comment on mathematical aspects of the world volume theory of vortices. The type
of a quiver in figure 11 is called a ‘hand-saw’ quiver, which is isomorphic to a parabolic
Laumon space [62]. The parabolic Laumon space coincides with the moduli space of based
quasi maps P1 into the flag variety. The precise relation between quasimaps and the moduli
space of vortex equation was studied in [63]. The equivariant integrations over the based
quasi map spaces give the equivariant J-function of the flag variety, which is the 2d reduc-
tion of vortex partition function. Then our construction of vortex quantum mechanics is
regarded as K-theoretic uplift.7 The index of vortex quantum mechanics with a particular
choice of Wilson lines reproduces the K-theoretic J-function.
4 Vortices and Seiberg-like dualities
4.1 N = 2 SQCDs
We have constructed 1d quantum mechanical systems which describe the low energy dy-
namics of vortices in 3d linear quiver theories. The moduli space of vortices is given by the
Higgs branch of such vortex quantum mechanics. We have also computed the refined Witten
indices of vortex quantum mechanics, which can be identified as the partition functions of
vortices on Ω-deformed R2Ω×S1. In this section, using these vortex partition functions, we
examine how vortex quantum mechanics behave under 3d Seiberg-like dualities we reviewed
in section 2.1.
The example we discuss in this section is the N = 2 U(Nc)κ gauge theory with Nf
fundamental chiral multiplets and Na anti-fundamental chiral multiplets. We include the
Chern-Simons interaction with level |κ| ≤ |Nf−Na|2 and FI parameter ξ. We assumeNf ≥ Na
and ξ > 0. The ranges of κ and ξ are restricted such that the theory only has Higgs vacua
and avoids topological vacua as we discuss in section 2.1. The original Aharony duality
and its generalizations tell us that this theory has a dual description, U(Nf −Nc)−κ gauge
theory with (Na, Nf ) flavors and extra gauge singlet fields described in section 2.1 [23, 31].
In order to understand the effect of the Aharony duality on vortex quantum mechanics,
we first consult the brane picture. Recall the brane setup and the motion representing the
Aharony duality, which are illustrated in figure 1. Now we insert additional D1-branes
7The relation between K-theoretic J-function [64] and the vortex partition function in three dimensions
was first pointed out in [65].
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Nc D3
ζ
Nf D5
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n D1
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(1,k+)
(1,k-)
Nf D5
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n D1
ξ
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(1,k-)
NS5
Figure 12. The brane motion representing the Aharony duality in the presence of vortices.
Vortices are realized as D1-branes denoted by the red line in the figure. The length of the D1-
branes corresponds to 3d FI parameter ξ while the length of the D3-branes corresponds to 1d FI
parameter ζ. The spacetime directions occupied by each brane are summarized in table 5.
Branes 0 1 2 3 4 5 6 7 8 9
NS5 × × × × × ×
(1, k±) × × × · · × ×
D5 × × × × × ×
D3 × × × ×
D1 × ×
Table 5. The spacetime directions occupied by the branes in figure 12 are marked by ×. The
(1, k±)-branes occupy 1-dimensional subspaces in the 56-plane.
ending on D3-branes, which correspond to the presence of vortices in the 3d theory. The
brane motion in the presence of D1-branes is illustrated in figure 12. One can see that the
brane motion is controlled by the relative distance between the NS5-brane and the (1, k±)-
branes along the 9-direction. In the 3d theory point of view, this distance is proportional
to the inverse of the gauge coupling squared, 1/g2. The position that the NS5-brane and
the (1, k±)-branes are exchanged is therefore the infinite-coupling point, which is consistent
with the fact the Aharony duality is an IR duality where 3d theories strongly interact.
On the other hand, in the vortex quantum mechanics point of view, that distance corre-
sponds to Fayet-Iliopoulos parameter ζ. Especially, the position exchanging the NS5-brane
and the (1, k±)-branes corresponds to ζ = 0 where a non-compact Coulomb branch of the
quantum mechanics can appear depending on the values of k± = κ ± Nf−Na2 . In figure
12, the NS5-brane and the (1, k±)-branes have the common 9-direction coordinate when
ζ = 0. Thus, D1-branes can be suspended between them. When either k± = 0, we have
two NS5-branes sharing a (semi-)infinite parallel direction, which allows the D1-branes to
move along that direction. Thus, the D1-brane theory has a flat direction at ζ = 0, which
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nNc Nf-NcNa
Figure 13. The quiver diagram representation of vortex quantum mechanics for the 3d N = 2
U(Nc)κ theory with (Nf , Na) flavors. A solid arrow denotes a 1d N = 2 chiral multiplet while a
dashed arrow denotes a 1d N = 2 fermi multiplet.
we call a Coulomb branch. Due to the appearance of the flat direction, some states of vortex
quantum mechanics can escape through the flat direction such that a jump of the spectrum
can happen at ζ = 0. This phenomenon is called the wall-crossing. The important point
is that the wall-crossing of vortex quantum mechanics and the Aharony duality of the 3d
theory are inferred from the same brane motion.
From the brane picture, we expect that vortex quantum mechanics experiences the
shift of the FI parameter from ζ > 0 to ζ < 0, and possibly the nontrivial wall-crossing
at ζ = 0, under the Seiberg-like duality of the parent 3d theory. We now validate this
expectation by the explicit computations of the quantum mechanics indices for different 1d
FI parameters. For the 3d N = 2 U(Nc)κ theory with (Nf , Na) flavors, the moduli space
of n vortices is described by the N = 2 gauged quantum mechanics illustrated in figure 13
[15]. The refined Witten index of this quantum mechanics is given by
In =
1
|W|JK-Resη=ζ [g
n(u)dnu] (4.1)
where |W| = n! is the Weyl group order of the gauge group U(n) and
gn(u) =
eκ
∑n
i=1 ui
(∏n
i 6=j sinh
ui−uj
2
)(∏n
j=1
∏Na
a=1 sinh
−uj+m˜a−µ+γ
2
)
(∏n
i,j=1 sinh
ui−uj−2γ
2
)(∏n
i=1
∏Nc
b=1 sinh
ui−mb−µ−γ
2
)(∏n
j=1
∏Nf
a=Nc+1
sinh
−uj+ma+µ−γ
2
)
(4.2)
is the integrand given by the classical action and the 1-loop determinant. We have made
shifts of mass parameters m → m + µ, m˜ → m˜ − µ where µ is associated with the U(1)A
symmetry rotating the 3d fundamental and anti-fundamental fields simultaneously. Note
that we have chosen the auxiliary JK-vector η = ζ such that asymptotic poles do not
participate.8 We want to compare the indices of this vortex quantum mechanics for different
8Again the meaning of “η = ζ” is that η is generic but belongs to the same chamber as (ζ1~1N1 , . . . , ζL~1NL)
in the charge space.
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FI parameters: ζ > 0 and ζ < 0.
Let us consider the ζ > 0 case first. The JK-residue rule chooses sets of linearly
independent hyperplanes in Rn such that a chosen set of hyperplanes determine each ui as
follows:
ui =
{
ma + µ+ γ, a ∈ {1, . . . , Nc}
uj + 2γ.
(4.3)
The pole determined by the intersection of those hyperplanes is given by
ui = ma + µ+ (2ka − 1)γ, a ∈ {1, . . . , Nc}, ka ∈ {1, . . . , na} (4.4)
where (n1, . . . , nNc) is a partition of n, i.e., an ordered set of Nc nonnegative integers
satisfying
∑Nc
a=1 na = n. Every pair (a, ka) is assigned to one of i = 1, . . . , n exactly once.
Evaluating the residue at this pole, we have
eκ
∑Nc
a=1
∑na
ka=1
(ma+µ+(2ka−1)γ)
(∏Nc
a,b=1
∏na
ka=1
∏nb
kb=1
sinh ma−mb+2(ka−kb)γ2
)′
(∏Nc
a,b=1
∏na
ka=1
∏nb
kb=1
sinh ma−mb+2(ka−kb−1)γ2
)′ (∏Nc
a=1
∏na
ka=1
∏Nc
b=1 sinh
ma−mb+2(ka−1)γ
2
)′
×
(∏Na
a=1
∏Nc
b=1
∏nb
b=1 sinh
m˜a−mb−2µ−2(kb−1)γ
2
)
(∏Nf
a=Nc+1
∏Nc
b=1
∏nb
kb=1
sinh ma−mb−2kbγ2
) (4.5)
where ′ denotes that the vanishing factors are omitted. The permutations among ui’s give
rise to factor n!, which cancels the Weyl group factor |W|. The first line of (4.5) is simplified
to
(−1)nNceκ
∑Nc
a=1(nama+naµ+n
2
aγ)(∏Nc
a,b=1
∏nb
kb=1
sinh ma−mb−2(kb−na−1)γ2
) . (4.6)
Combined with the second line of (4.5), it reproduces the known vortex partition function
of 3d N = 2 U(Nc)κ theory with (Nf , Na) flavors on Ω-deformed R2Ω × S1 [12]:
(−1)nNceκ
∑Nc
a=1(nama+naµ+n
2
aγ)
(∏Na
a=1
∏Nc
b=1
∏nb
kb=1
sinh m˜a−mb−2µ−2(kb−1)γ2
)
(∏Nc
a,b=1
∏nb
kb=1
sinh ma−mb−2(kb−na−1)γ2
)(∏Nf
a=Nc+1
∏Nc
b=1
∏nb
kb=1
sinh ma−mb−2kbγ2
) (4.7)
up to sign, which can be absorbed to the vorticity fugacity.
Next let us examine the ζ < 0 case. Since different η is used, different sets of hyper-
planes are chosen by the JK-residue rule. Now a set of hyperplanes chosen by the JK-residue
rule determine each ui as follows:
ui =
{
ma + µ− γ, a ∈ {Nc + 1, . . . , Nf}
uj − 2γ. (4.8)
Thus, we evaluate the residue at pole
ui = ma + µ− (2ka − 1)γ,
a ∈ {Nc + 1, . . . , Nf},
ka ∈ {1, . . . , na},
na ≥ 0,
∑Nf
a=Nc+1
na = n
(4.9)
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and obtain the following result:
(−1)n(Nc−Nf+Na)e−κ
∑Nf
a=Nc+1
∑na
ka=1
(−nama−naµ+n2aγ)×(∏Na
a=1
∏Nf
b=Nc+1
∏nb
kb=1
sinh −m˜a+mb+2µ−2kbγ2
)
(∏Nf
a,b=Nc+1
∏nb
kb=1
sinh −ma+mb−2(kb−na−1)γ2
)(∏Nf
a=Nc+1
∏na
ka=1
∏Nc
b=1 sinh
−mb+ma−2kaγ
2
) ,
(4.10)
which, up to sign, is the vortex partition function of the dual U(Nf − Nc)−κ theory with
(Na, Nf ) flavors [12, 66]. Thus, by the explicit computations of the quantum mechanics
indices for different ζ, we have shown that the Aharony duality of a 3d N = 2 SQCD
corresponds to the sign flip of the FI parameter in vortex quantum mechanics.
As discussed at the beginning of the section, the shift of the FI parameter from ζ > 0
to ζ < 0 may accompany a nontrivial jump of the spectrum at ζ = 0, which is called
wall-crossing, depending on Nf , Na and κ. In the context of the JK-residue, such a jump of
the index can happen if we have nontrivial residue contributions from asymptotic regions.
The existence of an asymptotic pole is a signal of a non-compact Coulomb branch. From
(4.2), one can find a necessary condition for nontrivial residues at asymptotic regions by
taking one ui very large, ui → ±∞:
gn(u) ∼ e
(
κ±Na−Nf
2
)
ui . (4.11)
This should not vanish in order to have nontrivial residues at asymptotic regions. A neces-
sary condition is thus
±(κ± Na −Nf
2
) = ±κ− Nf −Na
2
≥ 0. (4.12)
Since we only allow |κ| ≤ |Nf−Na|2 , a relevant condition is the following:
±κ− Nf −Na
2
= 0. (4.13)
This is the same condition that the 3d theory has non-compact Coulomb branches [31]. In
the brane picture, this condition implies that there is an infinite parallel direction shared by
two NS5-branes, along which D3-branes or D1-branes can move. These moduli of D3-branes
and D1-branes are exactly their non-compact Coulomb branches. Therefore, there can be
nontrivial wall-crossing of vortex quantum mechanics if the 3d theory has a non-compact
Coulomb branch.
Now we should ask if this necessary condition is also sufficient. We show that it is the
case by the explicit computation of the wall-crossing spectrum. Let us consider the 1-vortex
case first. Recall that the vortex quantum mechanics index is given by (4.1). Since the
theory is now a rank-1 theory,
Iζ>0 = JK-Resη=ζ [g(u)du] =
∑
Q(u∗)>0
Resu=u∗ [g(u)du] (4.14)
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where the residues are summed over the poles whose corresponding charges are positive.
Indeed, the JK-residue is independent of the choice of η. Thus, one can also take η = −ζ,
in which case asymptotic poles also contribute:
Iζ>0 = JK-Resη=−ζ [g(u)du]
= −
∑
Q(u∗)<0
Resu=u∗ [g(u)du]− Resu=±∞ [g(u)du] . (4.15)
Note that the first term in the last line is nothing but the index with ζ < 0. Thus, as
discussed, there is a jump between Iζ>0 and Iζ<0 if we have the nonzero asymptotic residue
contribution. From (4.13) the asymptotic poles are simple if they exist. One can compute
their residues as follows:
−Resu=±∞ [g(u)du] = lim
u→∞ g(u)− limu→−∞ g(u) (4.16)
= δ2κ,Nf−Na
(−1)Na−Nf+Nce
Nf+Na
2
µ+(Nc−Nf+Na2 )γ
sinh(−γ)
− δ2κ,Na−Nf
(−1)−Nce−
Nf+Na
2
µ−(Nc−Nf+Na2 )γ
sinh(−γ) . (4.17)
It shows that there is the nontrivial wall-crossing if and only if the condition (4.13) is met.
Also we emphasize that (4.17) agrees with the 1-particle BPS index of V± [12, 66],9 which
are extra neutral chiral fields on the dual side describing the Coulomb branches of the 3d
theory. We will see shortly that the whole wall-crossing factor incorporating multi-vortices
is given by the Plethystic exponential of (4.17).
Now let us move on to multi-vortices cases. We first consider the following case:
κ =
Nf −Na
2
6= 0. (4.18)
There is a pole at ui → ∞ and no pole at ui → −∞. Recall that the poles chosen by
the JK-residue rule with η = ζ > 0 are given by (4.4). One can see that those poles are
exactly the poles contributing to the contour integral with the unit circle contour. See [66]
for example. In other words, the JK-residue (4.1) can be rewritten in the following way:
Inζ>0 =
1
|W|JK-Resη=ζ [g
n(u)dnu] =
1
|W|
∮
|zi|=1
dnz∏n
i=1 zi
gn(log z) (4.19)
where zi = eui and we assume that Re(µ) = Re(ma) = 0 while Re(γ) < 0. The contour
is taken to be the unit circle traversed counterclockwise. One can check equation (4.19)
by applying the residue theorem and taking the residues from the inside of the unit circle.
On the other hand, one can also evaluate the same integral by taking the residues from
the outside of the unit circle. In that case, a contributing pole is determined by a set of
9(4.17) is the index of the sector having positive U(1)T charges where U(1)T oppositely rotates V+ and
V−. The other sector of negative U(1)T charges is captured by anti-vortices.
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hyperplanes:
zi =

taτx
−1,
∞,
zjx
−2
(4.20)
where ta = ema , τ = eµ and x = eγ .
At the pole, each zi takes either a finite value or an asymptotic value. One can decom-
pose the hyperplanes (4.20) into two sets:
{H1, . . . ,Hm} ∪ {Hm+1, . . . ,Hn} (4.21)
such that {H1, . . . ,Hk} determines a set of zi’s who take asymptotic values at the pole
while {Hk+1, . . . ,Hn} determines the other set of zi’s who take finite values at the pole.
Let us define I and J , two sets of gauge indices, such that zi is determined by {H1, . . . ,Hm}
if i ∈ I and is determined by {Hm+1, . . . ,Hn} if i ∈ J . Now we decompose the integrand
into three parts:
gn(u) =
eκ
∑
i∈I ui
(∏
i 6=j∈I sinh
ui−uj
2
)(∏
j∈I
∏Na
a=1 sinh
−uj+m˜a−µ+γ
2
)
(∏
i,j∈I sinh
ui−uj−2γ
2
)(∏
i∈I
∏Nc
b=1 sinh
ui−mb−µ−γ
2
)(∏
j∈I
∏Nf
a=Nc+1
sinh
−uj+ma+µ−γ
2
)
×
(∏
i∈I
∏
j∈J sinh
ui−uj
2 sinh
uj−ui
2
)
(∏
i∈I
∏
j∈J sinh
ui−uj−2γ
2 sinh
uj−ui−2γ
2
)
×
eκ
∑
i∈J ui
(∏
i 6=j∈J sinh
ui−uj
2
)(∏
j∈J
∏Na
a=1 sinh
−uj+m˜a−µ+γ
2
)
(∏
i,j∈J sinh
ui−uj−2γ
2
)(∏
i∈J
∏Nc
b=1 sinh
ui−mb−µ−γ
2
)(∏
j∈J
∏Nf
a=Nc+1
sinh
−uj+ma+µ−γ
2
)
(4.22)
where the first line is only determined by {H1, . . . ,Hm}, the second line is determined by
{H1, . . . ,Hm} and {Hm+1, . . . ,Hn}, and the third line is only determined by {Hm+1, . . . ,Hn}.
One should note that ui will go to infinity for i ∈ I. Under this limit, the first line becomes
(−1)m(Na−Nf+Nc)em2 [(Nf+Na)µ+(2Nc−Nf−Na)γ]
(∏
i 6=j∈I sinh
ui−uj
2
)
(∏
i,j∈I sinh
ui−uj−2γ
2
) (4.23)
while the second line becomes 1. We have used the condition κ − Nf−Na2 = 0. Thus, the
residue can be written in the following simple way:
InH1,...,Hn = (−1)n+m(Na−Nf+Nc)e
m
2
[(Nf+Na)µ+(2Nc−Nf−Na)γ]
× ResH1,...,Hm

(∏
i 6=j∈I sinh
ui−uj
2
)
(∏
i,j∈I sinh
ui−uj−2γ
2
)dmu

× ResHm+1,...,Hn
[
gJ(u)dn−mu
]
(4.24)
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where
gJ(u) =
eκ
∑
i∈J ui
(∏
i 6=j∈J sinh
ui−uj
2
)(∏
j∈J
∏Na
a=1 sinh
−uj+m˜a−µ+γ
2
)
(∏
i,j∈J sinh
ui−uj−2γ
2
)(∏
i∈J
∏Nc
b=1 sinh
ui−mb−µ−γ
2
)(∏
j∈J
∏Nf
a=Nc+1
sinh
−uj+ma+µ−γ
2
) .
(4.25)
The complete index is given by the sum over all possible {H1, . . . ,Hn}. Using the
permutation symmetries among zi’s, one can fix I = {1, . . . ,m}, J = {m + 1, . . . , n} and
multiplies factor mCn. The index is then given by
wn
n!
∑
H1,...,Hn
InH1,...,Hn
=
1
n!
n∑
m=0
mCn ×m!× (n−m)!× (−1)m(Na−Nf+Nc)em2 [(Nf+Na)µ+(2Nc−Nf−Na)γ]
×
(−w)m
m!
∑
∩mi=1Hi∈asymp+
ResH1,...,Hm

(∏m
i 6=j sinh
ui−uj
2
)
(∏m
i,j=1 sinh
ui−uj−2γ
2
)dmu

×
(−w)n−m
(n−m)!
∑
∩ni=m+1Hi∈bulk
ResHm+1,...,Hn [gn−m(u)d
n−mu]
 (4.26)
where hyperplanes H1, . . . ,Hm are chosen among
zi =
{
∞,
zjx
−2 (4.27)
while hyperplanes Hm+1, . . . ,Hn are chosen among
zi =
{
taτx
−1,
zjx
−2.
(4.28)
Note that the last line of (4.26) is nothing but the index of n − m vortices with ζ <
0. Negative ζ is used because the contributing poles are determined by (4.28), which is
equivalent to (4.8).
The remaining thing is to compute the residues in the third line (the second line on
the right hand side). One way to compute it is using the following equation:
(−w)m
m!
∑
∩mi=1Hi∈asymp+
ResH1,...,Hm

(∏m
i 6=j sinh
ui−uj
2
)
(∏m
i,j=1 sinh
ui−uj−2γ
2
)dmu
 = wm
m!
∮
|z|=1
dmz∏m
i=1 zi
g′(log z)
(4.29)
where
g′(u) =
e
1
2
∑m
i=1(ui−γ)
(∏m
i 6=j sinh
ui−uj
2
)
(∏m
i,j=1 sinh
ui−uj−2γ
2
) (∏m
i=1 sinh
ui−γ
2
) . (4.30)
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One can check equation (4.29) by taking the residues outside the unit circle on the right hand
side. On the other hand, one can also evaluate the right hand side by taking the residues
inside the unit circle. In that case the contributing poles are determined as follows:
ui = (2k − 1)γ, k = 1, . . . ,m. (4.31)
Note that there is no pole at ui → −∞. The integral is thus evaluated as follows:
wm
m!
∮
|z|=1
dmz∏m
i=1 zi
g′(log z) =
wme
m(m−1)
2
γ
(∏m
k 6=l sinh
2(k−l)γ
2
)
(∏m
k,l=1 sinh
2(k−l−1)γ
2
)′ (∏m
k=2 sinh
2(k−1)γ
2
) (4.32)
=
(−wx−1)m
(x−2;x−2)m
. (4.33)
Substituting this result into (4.26) and summing over n ≥ 0, we have
∞∑
n=0
wn
n!
∑
H1,...,Hn
InH1,...,Hn
=
 ∞∑
m=0
((−1)Na−Nf+Nc+1wτ
Nf+Na
2 xNc−
Nf+Na
2
−1)m
(x−2;x−2)m
( ∞∑
n=0
wnInζ<0
)
(4.34)
= PE
−(−1)Na−Nf+Nc+1wτ Nf+Na2 xNc−Nf+Na2 +1
1− x2
×( ∞∑
n=0
wnInζ<0
)
(4.35)
where we have used q-binomial theorem:
∞∑
n=0
(a; q)n
(q; q)n
zn =
(az; q)∞
(z; q)∞
. (4.36)
Now it is clear that the wall-crossing part for each vortex number is organized such
that Zvortζ>0 ≡
∑∞
n=0w
nInζ>0 factorizes into two parts: Z
vort
ζ<0 and Z
wall where the wall-crossing
factor Zwall is defined as follows:
Zwall = PE
−(−1)Na−Nf+Nc+1wτ Nf+Na2 xNc−Nf+Na2 +1
1− x2
 . (4.37)
One should note that this is the same as the BPS index of V− [12, 66], which is a neutral
chiral field appearing in the dual 3d theory when κ = Nf−Na2 :
ZV− = PE
[
−wτ
−Ax2−R
1− x2
]
(4.38)
where w = (−1)Na−Nf+Nc+1w is the U(1)T fugacity. A = −Nf+Na2 and R =
Nf+Na
2 −Nc+1
are the U(1)A charge and the U(1)R charge of V−. Recall that the 3d theory has a Coulomb
branch if κ = Nf−Na2 . V− is exactly the operator parameterizing this Coulomb branch.
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(4.37) shows that the wall-crossing of vortex quantum mechanics captures the information
of the Coulomb branch of the 3d theory.
A similar computation can be done for another case:
κ = −Nf −Na
2
6= 0. (4.39)
In this case, there is no pole at ui →∞ while there is a pole at ui → −∞. Thus, the roles
of Inζ>0 and I
n
ζ<0 are exchanged. The result is as follows:
∞∑
n=0
wnInζ>0 = PE
(−1)Nc+1wτ−Nf+Na2 x−Nc+Nf+Na2 +1
1− x2
×( ∞∑
n=0
wnInζ<0
)
. (4.40)
Again we observe that the wall-crossing factor is exactly the BPS index of V+ [12, 66],
which is a neutral chiral field appearing in the dual 3d theory when κ = −Nf−Na2 :
ZV+ = PE
[
wτAxR
1− x2
]
(4.41)
where w = (−1)Nc+1w, A = −Nf+Na2 and R =
Nf+Na
2 −Nc + 1.
For the last case: κ = Nf −Na = 0, some care is required because there are poles both
at ui →∞ and at ui → −∞. Using similar arguments above we show that
∞∑
n=0
wn
|W|
∮
|z|=1
dnz
z
g(log z) = PE
−(−1)Nc+1wτ−Nf+Na2 x−Nc+Nf+Na2 +1
1− x2
×( ∞∑
n=0
wnInζ>0
)
.
(4.42)
if the residues inside the unit circle are taken while
∞∑
n=0
wn
|W|
∮
|z|=1
dnz
z
g(log z) = PE
−(−1)Nc+1wτ Nf+Na2 xNc−Nf+Na2 +1
1− x2
×( ∞∑
n=0
wnInζ<0
)
(4.43)
if the residues outside the unit circle are taken. Since two results must agree, the two indices
with different ζ satisfy the following identity:
∞∑
n=0
wnInζ>0 =
( ∞∑
n=0
wnInζ<0
)
× PE
(−1)Nc+1wτ−Nf+Na2 x−Nc+Nf+Na2 +1 − (−1)Nc+1wτ Nf+Na2 xNc−Nf+Na2 +1
1− x2
 (4.44)
The last factor agrees with the BPS index of V+ and V−.
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Combining (4.35), (4.40) and (4.44), one can write down a more general identity for
any Nf ≥ Na and |κ| ≤ |Nf−Na|2 :
∞∑
n=0
wnInζ>0 =
( ∞∑
n=0
wnInζ<0
)
× PE
δ2κ,Na−Nf τ−Nf+Na2 x−Nc+Nf+Na2 +1 − δ2κ,Nf−Naτ Nf+Na2 xNc−Nf+Na2 +1
1− x2 w
 (4.45)
where w = (−1)κ+
Nf−Na
2
+Nc+1w. We emphasize that the wall-crossing factor is exactly
the Plethystic exponential of (4.17), which is the BPS index of V±. Indeed, this is a con-
sequence of the equivalence between the Aharony duality and the wall-crossing of vortex
quantum mechanics. In the 3d duality perspective, (4.45) is nothing the index equality of
a Aharony dual pair on R2Ω × S1. Since the first line of (4.45) corresponds to the vortex
partition functions of the 3d dual pair, the wall-crossing factor should be the contribution of
extra chiral fields V± appearing in the dual theory, which turn out to describe the Coulomb
branches of the moduli space. This is an indirect way to understand why the wall-crossing
factor gives the contribution of the 3d Coulomb branch operators.
In this section, we have shown that vortex quantum mechanics experiences the shift of
the 1d FI parameter from ζ > 0 to ζ < 0, and possibly the nontrivial wall-crossing at ζ = 0,
under the Aharony duality. The wall-crossing factor can be identified as the BPS index of
the 3d gauge invariant chiral fields describing the Coulomb branches of the moduli space.
Furthermore, using this equivalence between the 3d duality and the vortex wall-crossing,
we have proven the Aharony duality at the level of vortex partition functions. The vor-
tex partition function is a building block of various supersymmetric partition functions on
curved 3-manifolds [8–17]. Thus, the identity (4.45) can be used to prove the agreement
of various supersymmetric partition functions under the Aharony duality. The analytic
proofs of the Aharony duality and its generalizations are worked out for the S3b partition
function [31, 67, 68], using integral identities of the hyperbolic gamma function found in
[69], and for the topologically twisted index on Σg × S1 [70] including the Witten index [7]
as a special case. As far as we aware, for other supersymmetric partition functions such as
the superconformal index, analytical proofs have been worked out only for the particular
gauge rank and the particular number of flavors; e.g., see [8, 12]. In appendix B we ex-
plain that many identities for 3d supersymmetric partition functions are proven using (4.45).
4.2 N = 4 SQCDs
The next example is the N = 4 U(Nc) gauge theory with Nf hypermultiplets in the funda-
mental representation. This is a special case of Tρ[SU(N)] theories with ρ = [Nc, Nf −Nc]
and N = Nf . As reviewed in section 2.1, this theory has a Seiberg-like dual description,
U(Nf −Nc) gauge theory with Nf fundamental hypermultiplets and 2Nc −Nf decoupled
free twisted hypermultiplets [47–49]. The brane setup in the presence of vortices is given by
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NS5
Nc D3 ζ
n D1
NS5
Nf-Nc D3
Nf D5
ξ
NS5
Nc D3n D1
NS5
Nf-Nc D3
-ζ
Nf D5
ξ
Figure 14. The brane motion representing the Seiberg-like duality of an N = 4 SQCD. Vortices
are realized as D1-branes denoted by the red line in the figure. The spacetime directions occupied by
each brane are summarized in table 6. The distance between two NS5-branes along the 6-direction
corresponds to 3d FI parameter ξ while that along the 9-direction corresponds to 1d FI parameter
ζ.
Branes 0 1 2 3 4 5 6 7 8 9
NS5 × × × × × ×
D5 × × × × × ×
D3 × × × ×
D1 × ×
Table 6. The spacetime directions occupied by the branes in figure 14 are marked by ×.
figure 14 where the two NS5-branes are completely parallel. The same argument for the
previous example suggests that the Seiberg-like duality between the two 3d N = 4 theories
on D3-branes is equivalent to the wall-crossing of vortex quantum mechanics on D1-branes.
In this section, we explicitly realize it by computing the quantum mechanics indices for
different 1d FI parameters.
For the 3d N = 4 U(Nc) theory with Nf flavors, the moduli space of n vortices
is described by the N = 4 gauged quantum mechanics illustrated in figure 15, which is a
truncation of figure 8. The refined Witten index of this quantum mechanics is again written
as the following JK-residue:
In =
1
|W|JK-Resη=ζ [g
n(u)dnu] (4.46)
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nNc Nf-Nc
Figure 15. The quiver diagram representation of vortex quantum mechanics for a 3d N = 4
SQCD. Each arrow represents the 1d N = 4 chiral multiplet. This is a truncation of figure 8.
where gn(u) is now given by
gn(u) =
(
1
2 sinh −2µ2
)n n∏
i 6=j
sinh
ui−uj
2
sinh
ui−uj−2µ
2
 n∏
i,j=1
sinh
ui−uj−2µ−2γ
2
sinh
ui−uj−2γ
2

×
(
n∏
i=1
Nc∏
b=1
sinh ui−mb−2µ−γ2
sinh ui−mb−γ2
) n∏
i=1
Nf∏
a=Nc+1
sinh −ui+ma−2µ−γ2
sinh −ui+ma−γ2
 . (4.47)
We first compute the quantum mechanics index for ζ > 0. The JK-residue rule chooses
sets of linearly independent hyperplanes each of which determine ui as follows:
ui =

uj + 2µ,
uj + 2γ,
ma + γ, a ∈ {1, . . . , Nc}.
(4.48)
However, a pole intersecting a hyperplane of the first type has the vanishing residue because
of zeros of the integrand. Therefore, the contributing poles are written in the following form:
ui = ma + (2ka − 1)γ, a ∈ {1, . . . , Nc}, ka ∈ {1, . . . , na} (4.49)
where (n1, . . . , nNc) is a partition of n into Nc nonnegative integers. Again every pair
(a, ka) is assigned to one of i = 1, . . . , n exactly once. Evaluating the JK-residue, we have
the following contribution to the index for a given partition (n1, . . . , nNc): Nc∏
a,b=1
na∏
ka=1
nb∏
kb=1
sinh ma−mb+2(ka−kb)γ2
sinh ma−mb−2µ+2(ka−kb)γ2
sinh ma−mb−2µ+2(ka−kb−1)γ2
sinh ma−mb+2(ka−kb−1)γ2
′
×
 Nc∏
a=1
na∏
ka=1
Nc∏
b=1
sinh ma−mb−2µ+2(ka−1)γ2
sinh ma−mb+2(ka−1)γ2
′Nc∏
b=1
nb∏
kb=1
Nf∏
a=Nc+1
sinh −mb+ma−2µ−2kbγ2
sinh −mb+ma−2kbγ2
 .
(4.50)
where ′ denotes that the vanishing factors are omitted. The Weyl factor |W| is canceled
by factor n! coming from the permutations among ui’s. (4.50) is further simplified due to
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the cancelation between the numerator and the denominator. Summing over all possible
partitions of n, the index with ζ > 0 is given by
Inζ>0 =∑
na≥0,∑
na=n
 Nc∏
a,b=1
na∏
ka=1
sinh ma−mb−2µ+2(ka−nb−1)γ2
sinh ma−mb+2(ka−nb−1)γ2
Nc∏
b=1
nb∏
kb=1
Nf∏
a=Nc+1
sinh −mb+ma−2µ−2kbγ2
sinh −mb+ma−2kbγ2
 ,
(4.51)
which reproduces the vortex partition function of the N = 4 U(Nc) theory with Nf flavors
on R2Ω × S1 [47].
On the other hand, for the index with ζ < 0, the JK-residue rule with η = ζ chooses
different sets of hyperplanes:
ui =

uj − 2µ,
uj − 2γ,
ma − γ, a ∈ {Nc + 1, . . . , Nf}.
(4.52)
Since a pole intersecting a hyperplane of the first type has the vanishing residue, a relevant
pole is written in the following form:
ui = ma − (2ka − 1)γ, a ∈ {Nc + 1, . . . , Nf}, ka ∈ {1, . . . , na} (4.53)
where (1, . . . , na) is a partition of n into Nf −Nc nonnegative integers. The resulting index
of vortex quantum mechanics is given by
Inζ<0 =∑
na≥0,∑
na=n
 Nf∏
a,b=Nc+1
nb∏
kb=1
sinh −mb+ma−2µ+2(kb−na−1)γ2
sinh −mb+ma+2(kb−na−1)γ2
 Nf∏
a=Nc+1
na∏
ka=1
Nc∏
b=1
sinh ma−mb−2µ−2kaγ2
sinh ma−mb−2kaγ2
 .
(4.54)
As expected the index with the negative FI parameter ζ < 0 is the vortex partition function
of the dual U(Nf − Nc) theory with Nf flavors. The sign flip of mass ma is understood
because the 3d FI parameter is also flipped under the duality such that the roles of funda-
mental and anti-fundamental fields are exchanged. This shows that the Seiberg-like duality
of a 3d N = 4 U(Nc) theory with fundamental hypers also corresponds to the sign flip of
the FI parameter in its vortex quantum mechanics.
The indices in different FI chambers: ζ > 0 and ζ < 0 do not need to agree due to the
non-compact Coulomb branch at ζ = 0. Some states can escape through this non-compact
branch. One can trace those escaping states by comparing the indices (4.51) and (4.54).
Using the same argument for the previous example we show that two indices (4.51) and
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(4.54) indeed satisfy the following relation: ∞∑
m=0
wm
m!
∑
∩mi=1H−i ∈asymp−
ResH1,...,Hm
[
gm− (u)d
mu
]( ∞∑
n=0
wnInζ>0
)
=
 ∞∑
m=0
(−w)m
m!
∑
∩mi=1H+i ∈asymp+
ResH1,...,Hm
[
gm+ (u)d
mu
]( ∞∑
n=0
wnInζ<0
)
(4.55)
where
gm± (u) =
(
e±
1
2
(2Nc−Nf )(−2µ)
2 sinh −2µ2
)m m∏
i 6=j
sinh
ui−uj
2
sinh
ui−uj−2µ
2
 m∏
i,j=1
sinh
ui−uj−2µ−2γ
2
sinh
ui−uj−2γ
2
 . (4.56)
Hyperplanes H±1 , . . . ,H
±
m are chosen among
ui =

±∞,
uj ∓ 2µ,
uj ∓ 2γ.
(4.57)
Note that gm+ (u) and gm− (u) are the same when Nf = 2Nc, which is the self-dual case.
Therefore, the asymptotic factors in (4.55) cancel each other such that
Inζ>0 = I
n
ζ<0 (4.58)
for Nf = 2Nc. (4.58) implies that there is no spectrum jump at ζ = 0 when Nf = 2Nc.
For general Nf 6= 2Nc, one can obtain the nontrivial wall-crossing factor by evaluating the
asymptotic residues. However, it turns out that the explicit computations of the asymptotic
residues in this example are more complicated than those in the previous example. Instead,
it is shown that the explicit form of (4.55) can be obtained by examining large mass limits
of the vortex partition functions (4.51) and (4.54) [66]:
∞∑
n=0
wnInζ>0 =
( ∞∑
n=0
wnInζ<0
)2Nc−Nf∏
i=1
Zhyper(x, τ, wτ
2Nc−Nf−2i+1)
 (4.59)
where τ = eµ and x = eγ . Zhyper is the contribution of a free twisted hypermultiplet, which
is given by
Zhyper(x, τ, w) = PE
[
τ−1w − τwx2
1− x2
]
. (4.60)
Thus, the wall-crossing factor for the vortex quantum mechanics index corresponds the con-
tribution of the decoupled free twisted hypermultiplets in the dual 3d theory. Indeed, those
twisted hypermultiplets describe Coulomb branches of the 3d theory [45, 47–49]. Again we
observe that the wall-crossing of vortex quantum mechanics captures the information of
Coulomb branch of the 3d theory.
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We have proven that the vortex quantum mechanics indices in different FI chambers:
ζ > 0 and ζ < 0 exactly reproduce the vortex partition functions of a 3d N = 4 Seiberg-like
dual pair. This shows that under the Seiberg-like duality, vortex quantum mechanics for a
3d N = 4 SQCD experiences the wall-crossing controlled by FI parameter ζ. Furthermore,
from the identity (4.59), we show that the BPS index of the escaping states at the wall
ζ = 0 is given by
Zwall =
2Nc−Nf∏
i=1
Zhyper(x, τ, wτ
2Nc−Nf−2i+1) (4.61)
= PE
[
sinh [(2N −M)µ] sinh(µ+ γ)
sinhµ sinh γ
w
]
, (4.62)
which is also identified as the index of the 3d twisted hypermultiplets describing Coulomb
branches of the moduli space.
4.3 Linear quiver examples
4.3.1 Tρ[SU(N)]
We have seen that for a 3d SQCD, the Seiberg-like duality is equivalent to the wall-crossing
of vortex quantum mechanics controlled by the 1d FI parameter ζ. In this section, we
would like to ask whether this phenomenon can be generalized to more complicated cases
such as linear quiver gauge theories we examined in section 3. We will see that even in such
cases, the equivalence between the 3d Seiberg-like duality and the wall-crossing of vortex
quantum mechanics is observed.
First let us consider Tρ[SU(N)] theories. The vortex partition functions of Tρ[SU(N)]
theories are given by (3.8). We should remind you that this result is for positive 3d FI
parameters ξ1, . . . , ξL > 0. In order to examine the Seiberg-like dualities of Tρ[SU(N)] the-
ories, however, we have to relax this positive FI condition because the Seiberg-like dualities
incorporate nontrivial FI mappings. For concreteness, let us consider T[N1,N2−N1,N3−N2][SU(N3)]
having two gauge nodes. We have a duality chain including this theory as shown in figure
16. The duality chain contains all possible ranges of the FI parameters. If we assume
ξ11 = ξ1 > 0 and ξ12 = ξ2 > 0, each theory in the duality chain has the FI parameters in the
following ranges:
ξ11 = ξ1 > 0, ξ
1
2 = ξ2 > 0,
ξ21 = −ξ1 < 0, ξ22 = ξ1 + ξ2 > |ξ21 |,
ξ31 = ξ2 > 0, ξ
3
2 = −ξ1 − ξ2 < −|ξ31 |,
ξ41 = −ξ2 < 0, ξ42 = −ξ1 < 0,
ξ51 = −ξ1 − ξ2 < −|ξ52 |, ξ52 = ξ1 > 0,
ξ61 = ξ1 + ξ2 > |ξ62 |, ξ62 = −ξ2 < 0
(4.63)
where ξkl is an FI parameter of the k-th theory in the duality chain. These FI mappings
under the Seiberg-like dualities can be read off from the brane setup, figure 17. To the best
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N1 N2 N3
N2-N1 N2 N3
N2-N1 N3-N1 N3
N3-N2 N3-N1 N3
N3-N2
N3+N1
-N2
N3
N1
N3+N1
-N2
N3
Figure 16. The Seiberg-like duality chain of T[N1,N2−N1,N3−N2][SU(N3)].
n1
n2
N1
N2-N1
N3-N2
ζ11=ζ1
ζ12=ζ2 ξ11=ξ1
ξ12=ξ2
-ζ21
ζ22
-ξ21
ξ22
-ζ31
ζ32 ξ
3
1
-ξ32
-ζ41
-ζ42 -ξ41
-ξ42
ζ51
-ζ52 -ξ51
ξ52
ζ61
-ζ62
ξ61
-ξ62
Figure 17. The brane setups representing the duality chain in figure 16 are shown. NS5-branes,
D5-branes, D3-branes, D1-branes are denoted by black dots, black vertical lines, black horizontal
lines and red vertical lines respectively. The vertical distances between NS5-branes correspond to 3d
FI parameters ξl while the horizontal distances between NS5-branes correspond to 1d FI parameters
ζl.
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n1
N1 N2-N1
n2
N3-N2
Figure 18. Vortex quantum mechanics for T[N1,N2−N1,N3−N2][SU(N3)].
of our knowledge, the vortex partition functions of Tρ[SU(N)] with general FI parameter
ranges have not been investigated in the literatures. For this reason, so far it is not manifest
to study the Seiberg-like duality of Tρ[SU(N)] using the vortex partition function.
On the other hand, we have seen that two vortex quantum mechanics for a 3d Seiberg-
like dual pair are related by a change of 1d FI parameters, at least for SQCDs. In other
words, the two vortex quantum mechanics should be the same except the FI parameters.
We claim that this relation still holds for more complicated theories such as Tρ[SU(N)]
we are now considering. For example, the first theory in the duality chain has vortex
quantum mechanics described in figure 18. The vortex quantum mechanics has positive FI
parameters, ζ11 > 0 and ζ12 > 0. The second theory in the duality chain then should have the
same vortex quantum mechanics except FI parameters, which are now in different ranges:
ζ21 < 0 and ζ22 > |ζ21 |. Indeed, we claim that all those six theories in the 3d duality chain
have the same vortex quantum mechanics with different 1d FI parameters in the following
ranges:
ζ11 > 0, ζ
1
2 > 0,
ζ21 < 0, ζ
2
2 > |ζ21 |,
ζ31 < −|ζ32 |, ζ32 > 0,
ζ41 < 0, ζ
4
2 < 0,
ζ51 > 0, ζ
5
2 < −|ζ51 |,
ζ61 > |ζ62 |, ζ62 < 0
(4.64)
where ζkl is an FI parameter of vortex quantum mechanics for the k-th theory in the duality
chain. An interesting thing is that the number of phases of the 3d duality chain and that
of 1d FI parameters are the same. This is a clue that the 3d Seiberg-like duality and the
wall-crossing of vortex quantum mechanics are related.
One should note that quantum mechanics in figure 18 with the FI parameters (4.64)
is exactly the world-volume theory of D1-branes in figure 17. The Seiberg-like duality of
Tρ[SU(N)] and the wall-crossing of its vortex quantum mechanics are inferred from the
same brane motion. Thus, we expect that the quantum mechanics with the FI parameters
(4.64) correctly describes the vortex moduli spaces of the 3d theories in the duality chain.
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Furthermore, we provide additional evidence by explicitly computing the quantum
mechanics indices for different FI parameters. In the previous section, we have seen that
the vortex partition functions of an N = 4 SQCD dual pair agree up to the contribution of
decoupled twisted hypermultiplets. The number of the decoupled twisted hypermultiplets
is determined by the rank difference between the gauge groups of the dual pair. This is a
consequence of the fact that a dual pair must have the same number of Coulomb branches,
which is determined by the gauge group rank [45, 47–49]. This is still true for Tρ[SU(N)]
theories. Indeed, we have checked that the following relations hold among the six quantum
mechanics indices in different FI chambers:10
Z1/Z2 = Z
wall
N1,N2(w1),
Z2/Z3 = Z
wall
N2,N3+N2−N1(w1w2),
Z3/Z4 = Z
wall
N2−N1,N3−N1(w2),
Z4/Z5 = Z
wall
N3−N1,2N3−N2(w1),
Z5/Z6 = Z
wall
N3−N2,N3−N2+N1(w1w2),
Z6/Z1 = Z
wall
N3−N2+N1,N1+N3(w2)
(4.65)
where Zk on the left hand side is the generating function of the vortex indices in the k-th
FI chamber:
Zk =
∞∑
n1=0
∞∑
n2=0
wn11 w
n2
2 I
n1,n2
k (4.66)
while ZwallN,M on the right hand side is the wall-crossing factor:
ZwallN,M (w) = PE
[
sinh [(2N −M)µ] sinh(µ+ γ)
sinhµ sinh γ
w
]
. (4.67)
Here we allow negative 2N −M as well such that
ZwallN,M (w) = Z
wall
M−N,M (w)
−1 (4.68)
for 2N −M < 0. (4.62) tells us that ZwallN,M with 2N ≥ M is exactly the contribution of
2N−M decoupled twisted hypermultiplets. Thus, the wall-crossing factors in (4.65) reflect
the correct number of decoupled twisted hypermultiplets at each duality step. Although we
have examined a two gauge node example, this behavior of the quantum mechanics index is
expected for the other Tρ[SU(N)] theories as well. Therefore, we expect that the Seiberg-
like duality of general Tρ[SU(N)] is equivalent to the wall-crossing of its vortex quantum
mechanics.
4.3.2 N = 2 linear quiver examples
Next let us consider N = 2 linear quiver examples, which we have examined in section
3.2. We illustrate some examples that exhibit the equivalence of the 3d Seiberg-like duality
10This is numerically checked for various N1, N2, N3 up to n1, n2 ≤ 2.
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N1 N2 N3
N2-N1 N2 N3
N2-N1 N3-N1 N3
N3-N1 N3-N2 N3
N1 N3-N2 N3
Figure 19. A typical duality chain of an N = 2 linear quiver theory we are considering. Unlike
Tρ[SU(N)], an arrow has a direction which can be flipped under the duality. In addition, a new
arrow can appear after the duality action.
and the wall-crossing of vortex quantum mechanics. The relation between the Seiberg-like
duality and the vortex wall-crossing for general N = 2 theories will be worth studying,
which we relegate to future work.
The examples we are considering in this section have a duality chain illustrated in figure
19. The corresponding vortex quantum mechanics is given by figure 11 with L = 2. One
should note that, unlike the previous Tρ[SU(N)] example, vortex quantum mechanics now
has only five FI chambers instead of six:
ζ11 > 0, ζ
1
2 > 0,
ζ21 < 0, ζ
2
2 > |ζ21 |,
ζ31 < −|ζ32 |, ζ32 > 0,
ζ41 < 0, ζ
4
2 < 0,
ζ51 > 0, ζ
5
2 < 0.
(4.69)
The fifth chamber was divided into two chambers: |ζ51 | < |ζ52 | and |ζ51 | > |ζ52 | for Tρ[SU(N)]
while it is not for the current example. This is because there is only one bi-fundamental
chiral multiplet between adjacent gauge nodes of vortex quantum mechanics. Indeed, the
duality chain in figure 19 also includes only five theories instead of six. This is the first clue
that the 3d Seiberg-like duality relates to the wall-crossing of vortex quantum mechanics
for N = 2 linear quiver theories as well.
The simplest example is an (N,N,N)-type quiver theory. The theory has gauge group
U(N) × U(N) and flavor group U(N). We introduce the CS interaction for each gauge
node as well as the BF interaction between the U(1) parts of them. The level of those CS
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n1
N
n2
Figure 20. Vortex quantum mechanics for a (N,N,N)-type quiver theory is illustrated. If
the parent 3d theory has CS/BF interactions, the quantum mechanics also has the corresponding
Wilson lines shown in (3.17).
and BF interactions are chosen as follows:
κ(1) =
N
2
, κ(2) = 0,
∆κ
(1)
U(1) = 0, ∆κ
(2)
U(1) = 1,
κ
(1,2)
U(1) = −
1
2
(4.70)
where κ(l) is the U(N) CS level while ∆κ(l)U(1) is the additional CS level shift for the U(1)
part of U(N).11 k(l,l+1)U(1) is the BF level. Those ranks of the nodes and CS/BF levels are
chosen such that the theory has simple Seiberg-like duals as we explain shortly. Vortex
quantum mechanics for this theory is described in figure 20 with the Wilson lines (3.17).
We illustrate the duality chain of this theory in figure 21, which is a special case of
figure 19. The duality chain is basically obtained by the rule examined in [23, 31] with some
additional ingredients regarding U(1) factors. The first dual theory, i.e., the second theory
in the duality chain, can be obtained by taking the duality action on the leftmost node.
Following the duality rule in [23, 31], the dual gauge rank is given by N −N = 0; i.e, the
first node should vanish. Since the number of fundamental chiral multiplets charged under
the first gauge node is equal to the twice of the CS level of that node, we expect that an
extra decoupled chiral multiplet appears in the dual theory as it happens in a single gauge
node case. This extra chiral multiplet corresponds to a gauge invariant monopole operator
in the original theory, which describes a Coulomb branch of the moduli space. Furthermore,
the duality action also has a nontrivial effect on the CS level of the second node. In [31], it
is argued that the CS level of the second node is shifted by the amount of the CS level of
the first node and becomes N2 .
12
11In other words, the Lagrangian terms are given by
κ(l)
4pi
Tr
(
A(l)dA(l) − 2i
3
A(l)3
)
+
∆κ
(l)
U(1)
4pi
TrA(l)dTrA(l). (4.71)
12We are considering the U(N) CS level.
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Figure 21. The Seiberg-like duality chain of a (N,N,N)-type quiver theory is represented. This
is a special case of figure 19. Since every node has the same rank, a node to which the duality action
is applied disappears after the duality action. Each theory may have nontrivial CS/BF interactions,
which is explained in the paragraph before (4.86).
On the other hand, the duality effect related to the BF interaction has not been dis-
cussed in the literatures. Here we trace this effect of the BF interaction by examining the
Abelian example: the (1, 1, 1) theory and its dual theory. The theory has the CS and BF
interactions of the levels in (4.70). Since there is no distinction between the U(N) CS level
and the U(1) CS level for N = 1, each gauge node just has the CS interaction of level
κl ≡ κ(l) + ∆κ(l)U(1). Without the BF interaction, the rule in [31] tells us that the dual
theory has CS level κ1 + κ2 = 32 . However, the level half BF interaction is not avoidable
due to the regularization of the fermion in the bi-fundamental chiral multiplet. Indeed, we
will see that if the BF interaction of level −12 is included, the dual theory has CS level 12
rather than 32 .
In order to see this effect, let us first analyze the vacuum moduli space of the (1, 1, 1)
theory. In section 2.1, we have reviewed that a 3d N = 2 U(1) theory has three types of
vacua: Coulomb, Higgs and topological vacuum, For general gauge groups, vacua of mixed
types are also available. The vacuum equations are given by∑
i
2pin
(l)
i |Qi|2 − F (l)(σ) = 0, (4.72)
mi(σ)
2|Qi|2 = 0 (4.73)
where l labels each U(1) gauge node and i labels each charged chiral multiplet. F (l)(σ) ≡
ξeff + κeffσ is given by equation (2.11). For the (1, 1, 1) theory,
F (1)(σ) = ξ1 +
1
2
σ1 − 1
2
σ2 +
1
2
|σ1 − σ2|, (4.74)
F (2)(σ) = ξ2 + σ2 − 1
2
σ1 +
1
2
|σ2| − 1
2
|σ1 − σ2| (4.75)
where the contribution of the BF interaction is taken into account. For ξl > 0, F (1)(σ) is
always positive. Therefore, m12(σ) = σ1 − σ2, mass of bi-fundamental Q12, should vanish
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so that Q12 can have the nonzero vacuum expectation value. Then F (2)(σ) is also positive
such that the theory only has a Higgs vacuum at σ1 = σ2 = 0. Q12 and Q23 are determined
by
|Q12|2 − ξ1
2pi
= 0,
|Q23|2 − |Q12|2 − ξ2
2pi
= 0.
(4.76)
Thus, the vacuum moduli space of the theory is CP 0. If either ξ1 or ξ1 + ξ2 vanishes, new
Coulomb vacua appear. They are parameterized by σ′1 ≡ σ1−σ2 ≤ 0 or σ2 ≤ 0 respectively.
This is consistent with the duality chain in figure 21. In the third theory, for example, those
two Coulomb branches are described by two chiral multiplets of masses ξ1 and ξ1 + ξ2.
Now let us ask what the correct CS level of the dual theory is. The answer is more
clear if we allow a generic value for the second CS level of the original theory. For later
use, we also attach more flavors; i.e., we increase the rank of the last flavor node. With CS
level κ of the second node and rank N of the last node, F (l)(σ)’s for the original theory are
rewritten in the following way:
F (1)(σ) = ξ1 +
1
2
σ1 − 1
2
σ2 +
1
2
|σ1 − σ2|, (4.77)
F (2)(σ) = ξ2 + κσ2 − 1
2
σ1 +
N
2
|σ2| − 1
2
|σ1 − σ2|. (4.78)
Assuming ξl > 0, F (1)(σ) is always positive as before. Thus, the first gauge node only allows
a Higgs vacuum solution. We ask whether there exists a Coulomb or topological vacuum
solution for the second node, which satisfies F (2)(σ) = 0. Since the first gauge node has a
Higgs vacuum solution, σ1 − σ2 should vanish. F (2)(σ) is then written as follows:
F (2)(σ) = ξ2 + κσ2 − 1
2
σ2 +
N
2
|σ2| (4.79)
such that F (2)(σ) = 0 has a topological vacuum solution:
σ2 =
−
ξ2
κ+N−1
2
, κ < −N−12 ,
− ξ2
κ−N+1
2
, κ > N+12 .
(4.80)
Therefore, the theory has a Higgs-topological vacuum if κ < −N−12 or κ > N+12 . As noted
in section 2.1 the effective theory at this classical vacuum is the N = 2 U(1)κeff CS theory
where κeff = κ + N−12 for κ < −N−12 or κeff = κ − N+12 for κ > N+12 . Thus, the actual
number of quantum topological vacua is |κeff|. In addition, there is Higgs-Higgs vacua at
σ1 = σ2 = 0 regardless of the value of κ, which are determined by
|Q12|2 − ξ1
2pi
= 0,
N∑
a=1
|Q23,a|2 − |Q12|2 − ξ2
2pi
= 0.
(4.81)
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This defines the Higgs branch of the moduli space, which is given by CPN−1. This splits
into N separate vacua if we turn on small real masses for Q23,a’s.13 As a result, the number
of vacua, or the Witten index, of the theory is given by
I =

−κ+ 12N + 12 , κ < −N−12 ,
N, −N−12 ≤ κ ≤ N+12 ,
κ+ 12N − 12 , N+12 < κ.
(4.82)
When an FI parameter is turned off, we also have Coulomb vacua. If ξ1 = 0, there is a
Coulomb branch of the moduli space parameterized by σ′1 = σ1 − σ2 ≤ 0. If ξ1 + ξ2 = 0
and κ = N+12 , there is another Coulomb branch parameterized by σ2 ≤ 0; if we choose
κ = −N−12 , the second Coulomb branch is parameterized by positive σ2 ≥ 0.
Taking the duality action on the first node, the dual theory is given by the U(1)κ′
theory with N fundamental chiral multiplets. We want to determine CS level κ′ that gives
the same Witten index as the original theory. First note that F (σ) for the dual theory is
given by
F (σ) = ξ2 + κ
′σ +
N
2
|σ|. (4.83)
Depending on the value of κ′, F (σ) = 0 allows the following solution:
σ =
−
ξ2
κ′+N
2
, κ′ < −N2 ,
− ξ2
κ′−N
2
, κ′ > N2 ,
(4.84)
which has topological multiplicity −κ′− N2 or κ′− N2 respectively. Taking Higgs vacua into
account, the Witten index of the dual theory is given by
I =

−κ′ + 12N, κ′ < −N2 ,
N, −N2 ≤ κ′ ≤ N2 ,
κ′ + 12N,
N
2 < κ
′.
(4.85)
Thus, the dual theory must have CS level κ′ = κ − 12 in order to have the same Witten
index as the original theory. This is different from the duality rule in [31], κ′ = κ+ 12 , where
the shift by 12 is the result of the CS interaction of the first node. Here we see that there is
an additional shift by −1, which should be the result of the BF interaction of level −12 .
In general we expect that our level half BF interaction yields another CS level shift for
the second gauge node, but only for the U(1) part because the BF interaction is only relevant
for the U(1) parts of the gauge nodes. It turns out that this expectation is consistent with
what we observe from the vortex partition function analysis. Thus, adopting this additional
shift due to the presence of the BF interaction, the CS level for the U(1) part of the second
node is shifted by −1 after the duality action. This is why we have engineered the original
(N,N,N) theory to have the CS/BF levels as in (4.70), especially ∆κ(2)U(1) = 1. The second
theory in the duality chain is then the U(N)N
2
theory without the additional CS level
13If masses of Q23,a are much smaller than ξ2, the topological vacuum solution (4.80) doesn’t change.
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shift for the U(1) part. The theory also contains N fundamental chiral multiplets and one
decoupled chiral multiplet. The gauge theory sector is a familiar SQCD. We know that this
theory is dual to a single chiral multiplet. Thus, the next dual theory, the third theory in
the duality chain, is a theory of two chiral multiplets. These two chiral multiplets describe
the two Coulomb branches of the moduli space, which we have observed in the vacuum
analysis. The fifth and fourth theories can be obtained by sequentially taking the duality
actions on the second node and the first node of the original theory. They are also given
by the U(N)N
2
theory and the two-chiral theory. Those five theories in the duality chain
have the following FI parameters:
ξ11 = ξ1, ξ
1
2 = ξ2,
ξ21 = ∅, ξ22 = ξ1 + ξ2,
ξ31 = ∅, ξ32 = ∅,
ξ41 = ∅, ξ42 = ∅,
ξ51 = ξ1, ξ
5
2 = ∅
(4.86)
where ∅ means that the corresponding gauge node vanishes. We assume ξ1, ξ2 > 0.
We also comment that if the 3d gauge group is Abelian, our construction of vortex
quantum mechanics has ambiguity for the Wilson line part, which reflects the 3d CS ac-
tion. For the Abelian 3d gauge group, there is no distinction between κ(l) and ∆κ(l)U(1).
However, their counterparts in vortex quantum mechanics are distinguished. One is real-
ized as a gauge Wilson line while the other is realized as a global Wilson line. Even though
both constructions of vortex quantum mechanics give the same vortex partition function,
their wall-crossing behaviors are completely different. We propose that this ambiguity can
be resolved by demanding the wall-crossing behavior compatible with the 3d Seiberg-like
duality. For the Abelian (1, 1, 1) theory, we follow the prescription that the assignment
of CS levels for non-Abelian gauge groups (4.70) still holds for the Abelian gauge group.
Then, as we will see, the proposed construction of vortex quantum mechanics for the (1, 1, 1)
theory shows claimed wall-crossing behavior compatible with the 3d Seiberg-like duality.
Now let us move on to the vortex partition functions. Recall that vortex quantum
mechanics for the (N,N,N) theory is given by figure 20. We propose that the other
theories in the duality chain share the same vortex quantum mechanics with different 1d FI
parameters shown in (4.69). Using the JK-residue formula (2.23), one can obtain the index
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of vortex quantum mechanics in each FI chamber. The results are organized as follows:
Z1 =
∞∑
n1
∞∑
n2=0
(−w1)n1wn22 In1,n21 = PE
[
−x
N
2
+1w1
1− x2 −
x
N
2
+1τ
N
2 w1w2
1− x2
]
,
Z2 =
∞∑
n1
∞∑
n2=0
(−w1)n1wn22 In1,n22 = PE
[
−x
N
2
+1τ
N
2 w1w2
1− x2
]
,
Z3 =
∞∑
n1
∞∑
n2=0
(−w1)n1wn22 In1,n23 = 1,
Z4 =
∞∑
n1
∞∑
n2=0
(−w1)n1wn22 In1,n24 = 1,
Z5 =
∞∑
n1
∞∑
n2=0
(−w1)n1wn22 In1,n21 = PE
[
−x
N
2
+1w1
1− x2
]
(4.87)
where we have introduced the additional negative sign to vorticity fugacity w1 to simplify
the expressions. We have numerically checked (4.87) up to n1, n2 ≤ 3 for N = 1, 2, 3.
Since the theories in the duality chain except the first one have a single or no gauge
node, we already know their vortex partition functions. The quantum mechanics indices
(4.87) in different FI chambers correctly reproduce them. Furthermore, the wall-crossing
factors, which are given by the ratios of two indices in adjacent FI chambers, are exactly the
contributions of the gauge singlet chiral multiplets appearing after the duality actions.14
Thus, the (N,N,N) theory is the first example showing that the proposed equivalence be-
tween the 3d Seiberg-like duality and the wall-crossing of vortex quantum mechanics can
be generalized to an N = 2 linear quiver gauge theory.
Our next example is a (1, 1, N)-type quiver theory. The (N,N,N) theory we have
considered so far flows to a free theory of two chiral multiplets in the IR limit. The (1, 1, N)
theory, on the other hand, flows to an interacting IR fixed point. This example shows that
the equivalence between the 3d Seiberg-like duality and the vortex wall-crossing can be
generalized to an N = 2 linear quiver theory flowing to an interacting IR fixed point.
The duality chain containing the (1, 1, N) theory is shown in figure 22. The CS/BF
levels of the first theory are chosen as follows:
κ(1) =
1
2
, κ(2) =
N − 1
2
,
∆κ
(1)
U(1) = 0, ∆κ
(2)
U(1) = 1,
κ
(1,2)
U(1) = −
1
2
(4.88)
so that the second theory is given by the U(1)N
2
theory withN fundamental chiral multiplets
and one decoupled chiral multiplet V1−. Again this is a familiar SQCD, but now it flows
to an interacting IR fixed point. Its Seiberg-like (or Aharony) dual theory is given by the
14See equation (4.38).
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Figure 22. The Seiberg-like duality chain of a (1, 1, N)-type quiver theory is represented. Note
that in the third duality action, the roles of the first node and the second node are exchanged.
U(N −1)−N
2
theory with N anti-fundamental chiral multiplets and two gauge singlet chiral
multiplets V1− and V2−. V1− is from the first duality action and V2− is from the second
duality action. V2− couples to the gauge theory via the following superpotential [23, 31]:
W = V2−v+ (4.89)
where v+ is the gauge invariant monopole operator of the U(N − 1)−N
2
theory. Both V1−
and V2− describe the Coulomb branches of the moduli space while v+ is lifted by the
superpotential (4.89). The fifth and fourth theories are obtained by taking the duality
actions on the second node and the first node of the first theory sequentially. The FI
parameters of those five theories in the duality chain are as follows:
ξ11 = ξ1, ξ
1
2 = ξ2,
ξ21 = ∅, ξ22 = ξ1 + ξ2,
ξ31 = ∅, ξ32 = −ξ1 − ξ2,
ξ41 = −ξ1, ξ42 = −ξ2,
ξ51 = ξ1, ξ
5
2 = −ξ2.
(4.90)
From the result of section 3.2, vortex quantum mechanics for the (1, 1, N) theory is
represented by the quiver diagram shown in figure 23. The index in each FI chamber can
be computed using the JK-residue formula (2.23). One should note that, except the fifth
theory, the theories in the duality chain are equivalent to linear quiver gauge theories with
positive FI parameters up to charge conjugation. We already know the vortex partition
functions of those types of theories from (3.21) using charge conjugation. Indeed, we have
confirmed that the index in each FI chamber of quantum mechanics in figure 23 correctly
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n1
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n2
N-1
Figure 23. Vortex quantum mechanics for a (1, 1, N)-type quiver theory is illustrated. If the
parent 3d theory has CS/BF interactions, the quantum mechanics also has the corresponding Wilson
lines shown in (3.17).
reproduces the vortex partition function from (3.21)15 except the fifth theory, for which we
don’t have other independent computations of the vortex partition function.
Since those four vortex partition functions are now more complicated, we don’t explic-
itly write them down here. Nevertheless, the wall-crossing factors given by the ratios of two
indices in adjacent FI chambers are still written in terms of simple Plethystic exponentials:
Zwall1 = Z1/Z2 = PE
[
− x
3
2w1
1− x2
]
,
Zwall2 = Z2/Z3 = PE
[
−x
2−N
2 τ
N
2 w1w2
1− x2
]
,
Zwall3 = Z3/Z4 = PE
[
x
5
2
−N
2 τ
N
2 w2
1− x2
] (4.92)
where we have used vorticity fugacities −w1 and −w2 with additional negative signs for
simplification. Each wall-crossing factor should reproduce the contribution of gauge singlet
chiral multiplet appearing after each duality action. Those chiral multiplets are summarized
in table 7 with their global symmetry charges.
As seen in the vacuum analysis, the (1, 1, N) theory with the CS/BF levels (4.88), and
its dual theories, have two Coulomb branches for vanishing FI parameters. Those Coulomb
branches are parameterized by two chiral operators among extra chiral fields V1,2− and the
15We need some care for the fourth theory. The fourth theory has the following gauge CS/BF interactions:
κ(1) = −1
2
, κ(2) = −N − 1
2
,
∆κ
(1)
U(1) = 0, ∆κ
(2)
U(1) = 1,
κ
(1,2)
U(1) = −
1
2
.
(4.91)
Moreover, the theory includes the BF interactions of levels ±N
2
between global U(1)A and each gauge U(1).
Their contributions to the vortex partition function are realized as shifts of fugacities w1 → w1τ−N2 and
w2 → w2τ N2 , which should be taken into account when we compute the vortex partition function from
(3.21) using charge conjugation.
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U(1)R U(1)A U(1)
(1)
T U(1)
(2)
T
V1− 12 0 −1 0
V2− N2
N
2 −1 −1
V3+
5
2 − N2 N2 0 1
v11−
1
2 0 −1 0
v1,22−
N
2
N
2 −1 −1
v3,42+ 2− N2 −N2 1 1
v43−
N
2 − 12 −N2 0 −1
Table 7. The global symmetry charges of gauge singlet chiral multiplets V1−, V2−, V3+ and those
of the gauge invariant monopole operators are summarized. The U(1)R charges are UV values
assigning the vanishing charges to the bi-fundamental chiral multiplets. The IR superconformal
values are given by combinations of the UV R-charge and other global U(1) charges, which can be
determined by Z-extremization [24].
gauge invariant monopole operators of the theory. The others should be massive. Thus, we
expect the following superpotential for each theory:
W1 = 0,
W2 = 0,
W3 = V2−v32+,
W4 = V2−v42+ + V3+v
4
3−
(4.93)
where vki±’s are gauge invariant monopole operators of the k-th theory whose global charges
are summarized in table 7. The Coulomb branches are parameterized by monopole opera-
tors v11,2− in the first theory, parameterized by chiral field V1− and monopole operator v22−
in the second theory, and parameterized by chiral fields V1,2− in the third theory and in the
fourth theory. For the third and fourth theories, the gauge invariant monopole operators
become massive due to the superpotentials in (4.93). In addition, monopole operator v43−
is supposed to be dualized to a single chiral field. Thus, the last term in W4 induces the
mass terms for both V3+ and (dualized) v43− such that both of them are integrated out in
the IR limit. This explains how we have the correct number of the chiral operators pa-
rameterizing the Coulomb branches. We also comment that the superpotentials in (4.93)
should be understood as the effective descriptions of the interactions between the monopole
operators and the extra chiral fields. For a single gauge node case, i.e, the Aharony duality,
this kind of superpotential can be derived from the Giveon-Kutasov duality [26], whose
superpotential doesn’t explicitly depend on nonperturbative monopole operators [7].
The fifth theory in the duality chain, on the other hand, is not a type of a linear quiver
theory we have examined in section 3.2. The fifth theory has a loop in its quiver diagram
representation (see figure 22) and has FI parameters of opposite signs (see (4.90)). For this
reason, we cannot independently compute the vortex partition function of the fifth theory
using (3.21) to confirm whether the quantum mechanics index in the fifth FI chamber, Z5,
gives the correct vortex partition function or not. We still, however, observe that Z5 shows
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desired wall-crossing behavior: its ratios to the adjacent indices are expressed by simple
Plethystic exponentials:
Zwall4 = Z4/Z5 = PE
[
x
3
2w1
1− x2
]
,
Zwall5 = Z5/Z1 = PE
[
−x
5
2
−N
2 τ
N
2 w2
1− x2 +
x2−
N
2 τ
N
2 w1w2
1− x2
]
,
(4.94)
which can be identified as the contributions of chiral multiplets. If Z5 indeed reproduces
the vortex partition function of the fifth theory, (4.94) tells us that the fifth theory contains
extra chiral multiplets V2− and V3+. Considering the two Coulomb branches of the moduli
space, V3+ should be massive while V2− should remain massless so as to parameterize a
Coulomb branch. The other Coulomb branch should be parameterized by a gauge invariant
monopole operator of the theory. We admit that it is not clear if our Z5 does give the
vortex partition function of the fifth theory. Nevertheless, our wall-crossing approach could
be a hint for understanding the vortex dynamics and the Aharony duality of this theory.
So far we have seen that the equivalence between the 3d Seiberg-like duality and the
wall-crossing of vortex quantum mechanics is observed in N = 2 linear quiver examples
as well. Here our analysis is restricted to some examples for which we can independently
compute the vortex partition functions of dual theories so that we can test the proposal. It
will be an interesting problem to test the proposal for general 3d N = 2 theories.
In particular it is a very nontrivial observation that the wall-crossing spectra of an
infinite number of vortex quiver theories are organized as a simple Plethystic exponential,
which is identified as the 3d determinant of extra gauge singlet chiral multiplets appearing
in the dual theory. One can demand this wall-crossing behavior as a constraint beyond the
vortex partition function, which is relatively easy to compute but doesn’t constrain the vor-
tex quantum mechanics much. Indeed, we have used the wall-crossing behavior to fine-tune
vortex quantum mechanics for 3d Abelian theories that have ambiguity not distinguished
by the vortex partition function. Although our analysis is not a proof of the equivalence
between the 3d Seiberg-like duality and the vortex wall-crossing, the observations we have
made strongly suggest that they have a close relation to each other.
4.4 Fundamental vortices and particle-vortex duality
We have examined two types of 3d linear quiver gauge theories preserving either N = 4 or
N = 2 supersymmetry. In this section, we would like to address the role of fundamental
vortices, which is explained shortly, in the Seiberg-like dualities of those 3d theories. Let us
go back to the Tρ[SU(N)] example. We considered the 3d duality chain shown in figure 16,
whose corresponding 1d vortex quiver is given by figure 18. While the vortex quiver and
the ranks of the nodes in figure 18 remain the same, the corresponding vortex numbers, or
the Chern numbers, defined by q(l) = 12piTr
∫
F (l) shift nontrivially under the Seiberg-like
duality. The Chern numbers (q(1), q(2)) = (n1, n2) in the first theory, for example, are
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mapped to (n2−n1, n2) in the second theory, as inferred from the FI parameter map (4.63)
and BPS vortex mass
∑
l q
(l)ξkl . As such, the basic building blocks for the vortex sector are
not going to be dictated by “unit” Chern numbers.
On the other hand, every BPS vortex has positive mass,
∑
l q
(l)ξkl > 0, whose collection
is spanned by vortices with some minimal masses, e.g., ξ1 and ξ2 prior to the duality map
for the current example. The vortices with such minimal masses are what we refer as the
fundamental vortices, and can be regarded as basic building blocks for topological sectors
of the theory. The other BPS vortices are composite states of the fundamental vortices
and their masses are given by linear combinations of the minimal masses with nonnegative
integer coefficients.
For the first theory in the duality chain, one can easily identify the fundamental vortices
as those with vortex numbers (1,0) and (0,1). As we mentioned, the vortex numbers (1,0)
and (0,1) are mapped to vortex numbers (-1,1) and (1,1) in the second theory, yet the
corresponding BPS masses ξ1 and ξ2 are unchanged. Thus, the fundamental vortices are
mapped to the fundamental vortices under the duality, and they are described by the
same 1d quiver on either sides of the dual pair. The ranks of the 1d vortex quiver now
has natural interpretations as the numbers of fundamental vortices rather than the vortex
numbers, which are not invariant under the Seiberg-like duality.
Note that vortices with the “unit” Chern numbers, such as (1,0) and (0,1), and the
fundamental vortices coincide for the first theory while this is not generally true for other
theories in the duality chain. Again for the current example, the fundamental vortices in
the second theory have Chern numbers (-1,0) and (1,1). The (0,1) vortex in the second
theory, which has the “unit” Chern number, is indeed a composite state of the above two
fundamental vortices. In our discussion, nevertheless, one always finds a canonical theory
in a given duality chain where the fundamental vortices carry “unit” Chern numbers. In
such a canonical theory, the vortex quiver is thus naturally defined.
In the example we discussed, the canonical theory is always the first theory in the
duality chain where we have chosen positive 3d FI parameters ξ1, . . . , ξL > 0. If we con-
sider general 3d FI parameters, on the other hand, the canonical theory would be different.
Indeed, inferring from the equivalence between the 3d Seiberg-like duality and the wall-
crossing of vortex quantum mechanics, one can define vortex quantum mechanics for a
Tρ[SU(N)] theory having general FI parameters. For example, vortex quantum mechanics
for T[M1,M2−M1,M3−M2][SU(M3)] with general ξ1, ξ2 is given by figure 18 with parameters in
table 8, which can be straightforwardly generalized to the other Tρ[SU(N)] theories. When
ξ1 < 0 and ξ2 > |ξ1|, the vortex quiver of ranks (n1, n2) corresponds to vortex numbers
(n2−n1, n2); the (first) theory is thus not the canonical one. Instead, the canonical theory
is given by the second theory in the duality chain, which is obtained by taking the duality
action on the leftmost node. In that case, both 3d FI parameters become positive due to
the effect of the duality, and the vortex numbers are equal to the ranks of the vortex quiver.
For the other ranges of ξ1, ξ2, the canonical theory can be found in a similar manner: it is
given by the theory in a duality chain having all positive FI parameters. This is generally
true, at least for the N = 4, 2 linear quiver gauge theories we examined.
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ξ1 ξ2 N1 N2 −N1 N3 −N2 ζ1 ζ2
> 0 > 0 M1 M2 −M1 M3 −M2 > 0 > 0
< 0 > |ξ1| M2 −M1 M1 M3 −M2 < 0 > |ζ1|
> 0 < −|ξ1| M2 −M1 M3 −M2 M1 < −|ζ2| > 0
< 0 < 0 M3 −M2 M2 −M1 M1 < 0 < 0
< −|ξ2| > 0 M3 −M2 M1 M2 −M1 > 0 < −|ζ1|
> |ξ2| < 0 M1 M3 −M2 M2 −M1 > |ζ2| < 0
Table 8. Parameters of vortex quantum mechanics for T[M1,M2−M1,M3−M2][SU(M3)] theory having
FI parameters ξ1, ξ2. For the 3d FI parameters ξ1, ξ2 in the above ranges, vortex quantum mechanics
is given by the quiver diagram in figure 18 with the above flavor ranks N1, N2 −N1, N3 −N2 and
1d FI parameters ζ1, ζ2.
So far we have only discussed generic cases that the fundamental vortices are mapped
to the fundamental vortices under the duality. However, there are some obvious exceptions.
For example, let us consider the T[N,0][SU(N)] theory, i.e., the U(N) theory with N hy-
permultiplets. The theory has BPS vortices, whose spectrum is captured by the refined
Witten index of vortex quantum mechanics we considered. The fundamental vortex carries
vortex number 1 and has mass ξ assuming the positive FI parameter ξ > 0. However, if we
consider its Seiberg-like duality, the dual theory is a non-gauge theory of N twisted hyper-
multiplets. Since no gauge symmetry exists on the dual side, there appears no obvious way
to talk about vortices, fundamental or not. Does this mean that the notion of fundamental
vortices cannot be sustained generally?
A resolution comes, paradoxically, from realizing that such exceptional cases should
be considered as part of more general phenomena. Whenever a wall-crossing occurs, the
collection of 1d quantum states that contribute to the vortex partition function changes.
Even when we can talk about semiclassical fundamental vortices on both sides, the 1d wall-
crossing means that there are no 1-1 map between quantum BPS states in the topological
sector. Despite this, however, the common vortex quiver theory serves as an intermediate
and very useful device that computes the vortex partition functions on both side of dual-
ity. The extreme cases we just mentioned are merely special limits where the absence of
the contributing quantum states become glaringly obvious due to the lack of semiclassical
vortices.
This naturally leads to the main question of this note: when there is 1d wall-crossing,
what happens to those quantum states that account for the difference? Since 3d partition
function remains invariant and since wall-crossing means appearance of and disappearance
of supersymmetric quantum states made up of fundamental vortices, the latter discrepancy
must be canceled by something else. As is obvious with Aharony dual pairs, this restoration
is achieved by extra neutral chiral multiplets or hypermultiplets, contributing perturbative
states. Since the two theories connected by the duality are supposed to be equivalent at full
quantum level, we can say that some part of quantum states built from fundamental vortices
are replaced by elementary excitations on the dual side, and vice versa. In other words, the
wall-crossing of the quiver theory for the fundamental vortices is a 1d manifestation of a
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3d particle-vortex duality. The exceptional cases above, where vortex quantum mechanics
wall-crosses into a trivial chamber, signals that the quantum vortices in the 3d theory are
completely replaced by perturbative particle-like states in the dual description.
Another type of limiting cases occur when there is no wall-crossing while at least one
side is devoid of the 3d gauge group. Let us consider an N = 2 SQCD, the U(2) theory
with two fundamental matters and no Chern-Simons term. The dual theory has no gauge
group and consists of free chiral multiplets only. Clearly the vortex partition function has
to be trivial on both side, even though the gauged side does admit classical vortices. The 1d
quiver theory does exist, yet no fully quantum BPS vortex state contributes. Nevertheless,
one again finds that the vortex quiver theory gives the correct (trivial) vortex partition
functions.
These limiting cases show that the notion of fundamental vortices emerges from low
energy topological sector in the canonical theory among a 3d duality chain, yet their 1d
quiver theory remains reliable throughout the duality chain, at least for the purpose of
computing the vortex partition function, and, as an aside, also captures 3d particle-vortex
duality faithfully.
5 Summary
We conclude the note by summarizing our results.
We have constructed 1d quantum mechanical systems which describe the low energy
dynamics of vortices in 3d linear quiver theories preserving either N = 4 or N = 2 super-
symmetry. The N = 4 theories we consider are called Tρ[SU(N)], which are linear quiver
theories with a single flavor node of the flavor symmetry rank N at one end and its integer
partition ρ that specifies the ranks of the gauge nodes. One can realize a Tρ[SU(N)] theory
as a Hanany-Witten system, in which the vortices show up as D1-brane segments ending on
D3-branes. The low energy dynamics of the vortices is captured by the effective theory of
those D1-branes. Inferring from this brane setup, we wrote down the 1d quiver description
of the vortex quantum mechanics. We have numerically confirmed that the refined Witten
indices of such vortex quantum mechanics, when appropriately combined and also aug-
mented by 3d perturbative contributions from non-topological sectors, correctly reproduce
the known partition functions of Tρ[SU(N)]. The latter is computed via 3d Coulombic
localization on S3b , followed by the factorization.
Unlike Tρ[SU(N)], N = 2 linear quiver gauge theories in general do not have known
brane setups, so the derivation of 1d vortex theory is less straightforward. Instead, we
take the following indirect route. We first invoke the mass deformation of Tρ[SU(N)] that
preserves N = 2 supersymmetry, and keep track of how this descends down to 1d vortex
dynamics. As expected, this breaks the supersymmetry of the vortex dynamics in half, and
we study how the resulting 1d vortex dynamics behaves under 3d Seiberg-like duality, and
found essentially the same behavior as in N = 4 theories, modulo subtleties associated with
3d Chern-Simons terms. The 1d refined Witten indices we computed are consistent with
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the factorization of 3d partition functions, examined in appendix A, and can be identified
as 3d vortex partition functions. Also, as another consistency check, we found their 2d
limits to be perfect matches with previously known results.
One main question is how these vortex quantum mechanics behave under 3d Seiberg-
like dualities. As inferred from factorized 3d partition functions, the 1d quiver quantum
mechanics for vortices appear by and large unaffected. The main change is how the 3d
duality is realized as a sign change of some 1d FI. We have observed that 1d FI constants
are related to 1/g2YM , for N = 4 theories realized as Hanany-Witten, which approaches zero
in the original theory under the D-brane motion that emulates the Seiberg-like duality. As
such, the 1d FI constants for vortices are the natural parameter that interpolate between a
dual pair and the 3d duality manifest merely as a 1d wall-crossing of the same vortex quiver
quantum mechanics. If one computes refined Witten indices of the latter via JK-residue,
with the natural choice of the auxiliary Lie Algebra vector η = ζ, such a change will affect
which subsets of residues should be picked up. For simplest of theories, these choices can
be seen quite naturally and generally reflected in the UV field content of the dual pair, even
for those examples where the sign change does not result in 1d wall-crossing.
In those cases where 1d wall-crossing induces a discontinuity of the 1d refined Wit-
ten indices, vortex contributions to the factorized 3d partition function differ between the
dual pair. Miraculously, however, such wall-crossing discontinuities of an infinite number of
quiver quantum mechanics, differing by ranks, sum up neatly into a 3d determinant factor
of neutral chiral multiplets. The invariance of the 3d partition function is then restored
by the extra neutral chiral multiplets on the dual side, whose determinant cancels this
wall-crossing discontinuity. Duality of this type has been long known as the Aharony du-
ality. As an example, we first considered N = 2 SQCD-like theories which admit Aharony
duals. We computed the wall-crossing indices of corresponding vortex quantum mechanics
for different 1d FI parameters: ζ > 0 and ζ < 0. These indices were shown to fit the
factorized partition functions of the 3d dual pairs in the above sense, respectively, support-
ing the interpretation of the Aharony duality as the wall-crossing of the vortex quantum
mechanics. We also listed several 3d linear quiver theories where this phenomenon occurs,
say Tρ[SU(N)] theories for general 3d FI parameters. For N = 2 linear quiver examples,
the wall-crossing interpretation goes further than this; it actually constrains and fine-tunes
the vortex quantum mechanics.
Accepting this correspondence between the 3d duality and the vortex wall-crossing, our
computation can be also regarded as a proof of the Aharony duality at the level of vortex
partition functions. Since the vortex partition function is a building block of diverse super-
symmetric partition functions that accept rotational isometry, the vortex partition function
identity we obtained can be used to prove the agreements of the supersymmetric partition
functions under the Aharony duality. We provide explicit proofs of this for several classes of
3d partition functions in appendix B; in particular, the proof for topological twisted S2×S1
with the angular momentum refinement is a new result.
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A Factorization for 3d N = 2 linear quiver gauge theories
For 3d supersymmetric gauge theories, various supersymmetric partition functions on curved
3-manifolds have been studied, e.g., [17, 24, 70–80]. Especially if one considers spaces of
S1-bundle over S2, the partition functions on those spaces (with appropriate twistings) are
written in the following factorized form [8–17]:16
Z =
∑
vacua
ZpertZvortZantiv (A.1)
where Zvort is the vortex partition function on Ω-deformed R2Ω× S1. This shows that vari-
ous supersymmetric partition functions are built upon the same building block, the vortex
partition function. The only differences are the perturbative contribution, Zpert, and the
parameter identifications. Thus, the study of the vortex partition function enlarges our
understandings of other supersymmetric partition functions as well. Moreover, one can
reverse the idea such that the factorization can be used as a method of obtaining the vortex
partition function of a given theory. In both directions the study of the factorizations of
supersymmetric partition functions plays an important role in understanding 3d supersym-
metric gauge theories and their partition functions.
In this appendix, we work out the factorization of a supersymmetric partition function,
especially the (angular momentum refined) topologically twisted S2 × S1 indices [17] of 3d
N = 2 linear quiver gauge theories that we examined in section 3.2. In this way, we obtain
the vortex partition functions of the N = 2 linear quiver gauge theories, which agree with
the results obtained from the quantum mechanics computation in section 3.2.
The topologically twisted index of a 3d N = 2 theory on S2 × S1 is defined as follows:
I = TrH(−1)F e−βHeiJfAf ζ2Lφ (A.2)
with a topological twist on S2 [17]. ζ, the fugacity for the angular momentum Lφ on S2, is
also included. One can compute the twisted index using the supersymmetric localization.
The result is written in terms of the Jeffrey-Kirwan residue [55] as follows:
I =
1
|W|
∑
m∈Γh
∑
u∗∈M∗sing
JK-Resu=u∗(Qu∗ , η)Zint(m,u) + boundary contribution. (A.3)
u denotes the set of bosonic zero-modes, which are elements in M = H × h where H is the
maximal torus in gauge group G and h is the corresponding Cartan subalgebra. M∗sing is
16This is explicitly worked out for maximally chiral [31] theories.
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a set of singular points in M. m is the magnetic flux on S2 living in the co-root lattice,
Γh. Due to gauge equivalent configurations, the result is divided by the Weyl group order,
|W|. The integrand, Zint, is given by the product of the classical contributions of (mixed)
Chern-Simons actions and the 1-loop determinants of chiral/vector multiplets:
ZCS =
∏
ρ∈F
(xρ)κρ(m),
ZBF = xκ12m21 x
κ12m1
2 ,
(A.4)
Zchiral =
∏
ρ∈R
(xρ)
B
2
(xρζ1−B; ζ2)B
, B = ρ(m)− q + 1,
Zvector = ζ−
∑
α>0 |α(m)|
∏
α
(
1− xαζ |α(m)|
)
(idu)r
(A.5)
where we denote eiu by x. ρ is a weight of representationR of a chiral multiplet (in particular
we denote the fundamental representation by F ) and α is a root of the gauge group. q is
the R-charge of a chiral multiplet. A more detailed explanation for each component can be
found in [17].
The boundary pieces are given by the residues at the asymptotic regions, whose con-
tributions to the index are determined by the effective CS levels. For a single gauge node
case, the U(N)κ theory with (Nf , Na) flavors, the boundary contribution can be avoided if
|κ| ≤ |Nf−Na|2 , which is called maximally chiral [31]. Such a theory only has Higgs vacua if
we choose FI parameter of sign sgn(Nf −Na). For general cases with multiple gauge nodes,
on the other hand, the condition of the vanishing boundary condition is not manifest and
should be worked out case by case because of possible complications due to various U(1)
CS/BF interactions. It is plausible to expect that a criterion would be whether the theory
has Higgs vacua only or not. In the following computations, we assume that the CS lev-
els and the number of matters are chosen such that the boundary contribution vanishes.
More discussions about the boundary contribution to the twisted index can be found in
[17, 70, 80].
For the 3d N = 2 linear quiver theory in figure 10, the twisted index is written as
follows:
I =
1(∏L
l=1Nl!
)∑
m
(l)
i
∮
dx
(l)
i
2piix
(l)
i
(
L∏
l=1
ξ
∑
im
(l)
i
l
)
ZCSZBFζ−
∑
l
∑
i<j |m(l)i −m(l)j |
×
 L∏
l=1
Nl∏
i 6=j
(
1− x(l)i x(l)j
−1
ζ |m
(l)
i −m(l)j |
)
×

L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
(
x
(l)
i x
(l+1)
j
−1) 12 (m(l)i −m(l+1)j +1)
(
x
(l)
i x
(l+1)
j
−1
ζ−m
(l)
i +m
(l+1)
j ; ζ2
)
m
(l)
i −m(l+1)j +1
 (A.6)
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where x(L+1)i = yi and m
(L+1)
i = 0. The fugacities for global symmetries
∏L
l=1 U(1)
(l)
T ×
U(NL+1) are denoted by ξl for l = 1, . . . , L and yi respectively. We have set the R-charges
of the chiral multiplets zero for simplicity. The CS/BF contributions, ZCS and ZBF, are
determined by (A.4). The integration contour is determined by the JK-residue rule and
encloses the following poles if we choose the auxiliary JK-vector η = ~1:
x
(l)
i = ykL−l+1(i)ζ
m
(l)
i −2
∑L
a=l p
(a)
ka−l(i) , (A.7)
≡ y
k
(l)
i
ζm
(l)
i −2p(l)i , (A.8)
which are the intersections of hyperplanes
x
(l)
i = x
(l+1)
k(i) ζ
m
(l)
i −m(l+1)k(i) −2p
(l)
i , 0 ≤ p(l)i ≤ m(l)i −m(l+1)k(i) . (A.9)
The contributing poles are classified by integers p(l)i and functions k(l) : I
(l) → I(l+1) where
I(l) is the set of gauge indices of the l-th gauge node (or the flavor indices if l = L + 1).
In the above equations and the followings, we omit subscript (l) of function k(l) unless it is
necessary. Note that the residue vanishes if m(l)i −m(l+1)k(i) < 0.
Now we evaluate each component in (A.6) at the pole (A.8). First, the 1-loop deter-
minant of the vector multiplet is evaluated as follows:
ζ−
∑
l
∑
i<j |m(l)i −m(l)j |
L∏
l=1
Nl∏
i 6=j
(
1− x(l)i x(l)j
−1
ζ |m
(l)
i −m(l)j |
)
=
ζ−
∑
l
∑
i<j(m
(l)
i −m(l)j )
L∏
l=1
Nl∏
i<j
(
1− y
k
(l)
i
y−1
k
(l)
j
ζ2m
(l)
i −2m(l)j −2p(l)i +2p(l)j
)(
1− y
k
(l)
j
y−1
k
(l)
i
ζ−2p
(l)
j +2p
(l)
i
)
(A.10)
where we have assumed m(l)1 ≥ . . . ≥ m(l)Nl without loss of generality. m in a different order
gives the same contribution. Now we define new variables n(l)i and n¯
(l)
i in terms of m
(l)
i and
p
(l)
i :
n
(l)
i = m
(l)
i −m(l+1)k(i) − p
(l)
i , n¯
(l)
i = p
(l)
i ,
0 ≤ n(l)i , n¯(l)i ≤ m(l)i −m(l+1)k(i) ,
(A.11)
which correspond to the vorticities. The vector multiplet determinant is written in terms
of n(l)i and n¯
(l)
i :
ζ−
∑
l
∑
i<j(n
(l)
i −n(l)j +n¯(l)i −n¯(l)j )
L∏
l=1
Nl∏
i<j
(
1− y
k
(l)
i
y−1
k
(l)
j
ζ2n
(l)
i −2n(l)j
)(
1− y
k
(l)
j
y−1
k
(l)
i
ζ−2n¯
(l)
j +2n¯
(l)
i
)
(A.12)
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where n(l)i =
∑L
a=l n
(a)
ka−l(i) = m
(l)
i − p(l)i and n¯(l)i =
∑L
a=l n¯
(a)
ka−l(i) = p
(l)
i . Likewise the 1-loop
determinants of chiral multiplets are evaluated as follows:
L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
(
x
(l)
i x
(l+1)
j
−1) 12 (m(l)i −m(l+1)j +1)
(
x
(l)
i x
(l+1)
j
−1
ζ−m
(l)
i +m
(l+1)
j ; ζ2
)
m
(l)
i −m(l+1)j +1
=
L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
(
y
k
(l)
i
y−1
k
(l+1)
j
ζn
(l)
i −n(l+1)j −n¯(l)i +n¯(l+1)j
) 1
2
(n
(l)
i −n(l+1)j +n¯(l)i −n¯(l+1)j +1)
(
y
k
(l)
i
y−1
k
(l+1)
j
ζ−2n¯
(l)
i +2n¯
(l+1)
j ; ζ2
)
n
(l)
i −n(l+1)j +n¯(l)i −n¯(l+1)j +1
. (A.13)
(A.13) is nothing but a product of multiple q-Pochhammer symbols up to some monomial
factor. Using the following identity of q-Pochhammer symbol:(
yζ−2n¯; ζ2
)
n+n¯+1
= (1− y) (yζ2; ζ2)
n
(
yζ−2; ζ−2
)
n¯
, (A.14)
one can distinguish the n(l)i -dependent part and the n¯
(l)
i -dependent part (as well as the part
independent both of n(l)i and of n¯
(l)
i ):(
y
k
(l)
i
y−1
k
(l+1)
j
ζ−2n¯
(l)
i +2n¯
(l+1)
j ; ζ2
)
n
(l)
i −n(l+1)j +n¯(l)i −n¯(l+1)j +1
=
(
1− y
k
(l)
i
y−1
k
(l+1)
j
)(
y
k
(l)
i
y−1
k
(l+1)
j
ζ2; ζ2
)
n
(l)
i −n(l+1)j
(
y
k
(l)
i
y−1
k
(l+1)
j
ζ−2; ζ−2
)
n¯
(l)
i −n¯(l+1)j
. (A.15)
Moreover, (A.12) can be also massaged using the same identity (A.14). For example, the
second factor in (A.12) is written in the following way:
(
1− y
k
(l)
i
y−1
k
(l)
j
ζ2n
(l)
i −2n(l)j
)
=
(
−y
k
(l)
i
y−1
k
(l)
j
ζn
(l)
i −n(l)j +1
)n(l)i −n(l)j (
1− y
k
(l)
i
y−1
k
(l)
j
)
×
(
y−1
k
(l)
i
y
k
(l)
j
; ζ2
)−1
−n(l)i +n(l)j
(
y
k
(l)
i
y−1
k
(l)
j
; ζ2
)−1
n
(l)
i −n(l)j
. (A.16)
Next we evaluate the classical action contribution:(
L∏
l=1
ξ
∑
im
(l)
i
l
)
ZCSZBF (A.17)
where the last two factors are determined by (A.4). The first factor of (A.17) is the FI term
contribution. The latter two factors are gauge CS/BF term contributions. More explicitly,
we turn on SU(N) CS level κ(l) and U(1) CS level κ(l) + ∆κ(l)U(1) for each gauge node as
well as BF level κ(l,l+1)U(1) for each pair of adjacent gauge nodes. At the pole (A.8) each factor
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of (A.17) is evaluated as follows:
L∏
l=1
ξ
∑
im
(l)
i
l =
L∏
l=1
ξ
∑
i(n
(l)
i +n¯
(l)
i )
l , (A.18)
ZCS =
L∏
l=1
(
Nl∏
i=1
y
κ(l)(n
(l)
i +n¯
(l)
i )
k
(l)
i
ζκ
(l)(n
(l)
i
2−n¯(l)i 2)
)
×
(
Nl∏
i=1
y
k
(l)
i
)∆κ(l)
U(1)
∑
i(n
(l)
i +n¯
(l)
i )
ζ
∆κ
(l)
U(1)
[(
∑
i n
(l)
i )
2−(∑i n¯(l)i )2], (A.19)
ZBF =
L−1∏
l=1
(
Nl∏
i=1
y
k
(l)
i
)κ(l,l+1)
U(1)
∑
i(n
(l+1)
i +n¯
(l+1)
i )
Nl+1∏
i=1
y
k
(l+1)
i
κ
(l,l+1)
U(1)
∑
i(n
(l)
i +n¯
(l)
i )
× ζ2κ
(l,l+1)
U(1)
[(
∑
i n
(l)
i )(
∑
i n
(l+1)
i )−(
∑
i n¯
(l)
i )(
∑
i n¯
(l+1)
i )]. (A.20)
Due to the parity anomaly, those CS/BF levels satisfy the quantization conditions:
κ(l) +
Nl+1 −Nl−1
2
∈ Z, (A.21)
∆κ
(l)
U(1) ∈ Z, (A.22)
κ
(l,l+1)
U(1) ∈ Z−
1
2
. (A.23)
Collecting all these results, the twisted index is reorganized in the following way:
I =
1(∏L
l=1Nl!
)∑
m
(l)
i
∑
k
∑
p
(l)
i
(
L∏
l=1
ξ˜
∑
i(n
(l)
i +n¯
(l)
i )
l
)
ZCSZBFZ0Z+Z−, (A.24)
Z0 =
 L∏
l=1
Nl∏
i 6=j
[
y
k
(l)
i
y−1
k
(l)
j
] L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
[
y
k
(l)
i
y−1
k
(l+1)
j
]−1 , (A.25)
Z+ =
 L∏
l=1
Nl∏
i 6=j
[
y
k
(l)
i
y−1
k
(l)
j
; ζ2
]
n
(l)
i −n(l)j
−1 L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
[
y
k
(l)
i
y−1
k
(l+1)
j
ζ2; ζ2
]
n
(l)
i −n(l+1)j
−1 ,
(A.26)
Z− = Z+
∣∣
ζ→ζ−1 (A.27)
where ξ˜l = (−1)Nl+1ξl and we have defined the shifted q-Pochhammer symbol [a; q]n:
[a; q]n = a
− 1
2
nq−
1
4
n(n−1)(a; q)n (A.28)
and [a] ≡ [a; q]1. ZCS and ZBF are given by (A.19) and (A.20) respectively.
– 61 –
We need to recast the summations overm(l)i and p
(l)
i in terms of n
(l)
i and n¯
(l)
i . Recall that
we have aligned m in the descending order. Now we restore the all possible permutations
of m, which give the same contributions. Taking into account the vanishing residues, we
can replace the m(l)i /p
(l)
i -summations by
∑
m
(l)
i ∈Z
m
(l)
i −m(l+1)k(i)∑
p
(l)
i =0
=
∑
n
(l)
i ≥0
∑
n¯
(l)
i ≥0
. (A.29)
Next let us consider the summation over k. Due to factor [y
k
(l)
i
y−1
k
(l)
j
] in Z0, k(l)i and k
(l)
j should
be different if i 6= j; i.e., k is an injective function. Furthermore, the above expressions
are independent of k(l) for l = 1, . . . , L − 1. Thus, we can fix k(l) such that k(l)(i) = i
for l = 1, . . . , L− 1 and multiply ∏L−1l=1 Nl+1!(Nl+1−Nl)! , which is the number of possible k(l) for
l = 1, . . . , L− 1. The summation over k is then reduced as follows:
∑
k
=
(∏L
l=1Nl!
)
(∏L
l=1(Nl −Nl−1)!
)∑
k(L)
=
(∏L
l=1Nl!
)
(∏L+1
l=1 (Nl −Nl−1)!
)∑
σ
(A.30)
where σ is a permutation acting on I(L+1). k(l)i in the previous expressions is replaced by
σ(i).
Therefore, the twisted index is finally written in the following factorized form:
I =
1∏L+1
l=1 (Nl −Nl−1)!
∑
σ
ZpertZvortZantiv, (A.31)
Zpert =
 L∏
l=1
Nl∏
i 6=j
[
yσ(i)y
−1
σ(j)
] L∏
l=1
Nl∏
i=1
Nl+1∏
j=1(6=i)
[
yσ(i)y
−1
σ(j)
]−1 , (A.32)
Zvort =
∑
n
(l)
i ≥0
(
L∏
l=1
ξ˜
∑
i n
(l)
i
l
)
Zcl
×
 L∏
l=1
Nl∏
i 6=j
[
yσ(i)y
−1
σ(j); ζ
2
]
n
(l)
i −n(l)j
−1 L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
[
yσ(i)y
−1
σ(j)ζ
2; ζ2
]
n
(l)
i −n(l+1)j
−1 , (A.33)
Zantiv = Zvort
∣∣
ζ→ζ−1 (A.34)
where n(l)i =
∑L
a=l n
(a)
ka−l(i). The classical action contribution, Z
cl, is given by
Zcl =
L∏
l=1
(
Nl∏
i=1
y
κ(l)n
(l)
i
σ(i) ζ
κ(l)n
(l)
i
2
)(
Nl∏
i=1
yσ(i)
)∆κ(l)
U(1)
∑
i n
(l)
i
ζ
∆κ
(l)
U(1)
(
∑
i n
(l)
i )
2
×
(
Nl∏
i=1
yσ(i)
)κ(l,l+1)
U(1)
∑
i n
(l+1)
i
Nl+1∏
i=1
yσ(i)
κ
(l,l+1)
U(1)
∑
i n
(l)
i
ζ
2κ
(l,l+1)
U(1)
(
∑
i n
(l)
i )(
∑
i n
(l+1)
i ).
(A.35)
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N1 N2 NL+1
M1 M2
Figure 24. More flavor nodes are attached to the quiver diagram in figure 10.
Sometimes it is convenient to replace
∑
n
(l)
i ≥0
by
∑
n
(l)
i ≥0
because Zvort is completely writ-
ten in terms of n(l)i . This replacement is possible because Z
vort vanishes if n(l)i < 0 although
n
(l)
i ≥ 0. In section 3.2, we show that Zvort obtained here agrees with the refined Witten
index of vortex quantum mechanics in figure 11.
We comment that one can also attach a flavor node to each gauge node, which is
illustrated in figure 24. The 1-loop determinants of the new bi-fundamental chiral multiplets
are as follows: 
L∏
l=1
Ml∏
i=1
Nl∏
j=1
(
y˜
(l)
i x
(l)
j
−1) 12 (−m(l)j +1)
(
y˜
(l)
i x
(l)
j
−1
ζm
(l)
j ; ζ2
)
−m(l)j +1
 . (A.36)
We have additional global symmetries
∏L
l=1 U(Ml), whose fugacities are denoted by y˜
(l)
i .
Because the new bi-fundamentals are heading downward, their 1-loop determinants do not
develop new contributing poles.17 Thus, we only need to evaluate the contribution of (A.36)
at the pole (A.8). The resulting perturbative part and vortex part are as follows:
Zpert =
 L∏
l=1
Nl∏
i 6=j
[
yσ(i)y
−1
σ(j)
] L∏
l=1
Nl∏
i=1
Nl+1∏
j=1(6=i)
[
yσ(i)y
−1
σ(j)
]−1 L∏
l=1
Ml∏
i=1
Nl∏
j=1
[
y˜
(l)
i y
−1
σ(j)
]−1 ,
(A.37)
Zvort =
∑
n
(l)
i ≥0
(
L∏
l=1
ξ˜
∑
i n
(l)
i
l
) L∏
l=1
Nl∏
i 6=j
[
yσ(i)y
−1
σ(j); ζ
2
]
n
(l)
i −n(l)j
−1
×
 L∏
l=1
Nl∏
i=1
Nl+1∏
j=1
[
yσ(i)y
−1
σ(j)ζ
2; ζ2
]
n
(l)
i −n(l+1)j
−1 L∏
l=1
Ml∏
i=1
Nl∏
j=1
[
y˜
(l)
i y
−1
σ(j); ζ
−2
]
n
(l)
j
 .
(A.38)
17We still assume that the CS/BF levels and the number of matters are chosen such that the boundary
contribution to the index vanishes.
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If we are restricted to L = 1, this model corresponds to SQCD examined in section 4.1.
One can see that (A.38) agrees with the vortex partition function (4.7) for L = 1.
B Aharony duality for supersymmetric partition functions
We have discussed that the vortex partition is a building block of various 3d supersymmet-
ric partition functions. This is explicitly shown in appendix A for the topologically twisted
index. In this regard, the vortex partition function identity we have proven in section 4.1
can be a key ingredient to exhibit the Aharony duality in terms of 3d partition functions.
In this appendix, we show that indeed many identities of 3d supersymmetric partition func-
tions can be proven using the vortex partition function identity (4.45) in section 4.1.
For simplicity we focus on the original Aharony duality [23], i.e., κ = Nf−Na = 0. The
first example is the superconformal index, a supersymmetric partition function on S2 × S1
[81, 82]. The superconformal index is defined by
I = Tr (−1)F e−β′{Q,S}xE+j
∏
i
tFii . (B.1)
Q is a supercharge of quantum numbers E = 12 , j = −12 and R = 1 where those quantum
numbers are the Cartans of the bosonic subgroup of the 3d N = 2 superconformal group,
SO(2, 3) × SO(2). S is another supercharge satisfying S = Q†. Only the BPS states
saturating
{Q,S} = E −R− j ≥ 0 (B.2)
contribute to the superconformal index. ti’s are fugacities for global symmetries commuting
with Q and S.
The superconformal index can be computed exactly using the supersymmetric localiza-
tion [71, 74]. It is also shown that the superconformal index is factorized into copies of the
vortex partition functions as well as the perturbative part [8, 12, 15, 16, 66]. For our in-
terest, the N = 2 U(Nc) gauge theory with Nf pairs of fundamental and anti-fundamental
chiral multiplets, the factorization of the superconformal index is worked out in [12]. They
also examine the Aharony duality for the factorized index. The equality of the perturbative
part is explicitly proven while that of the vortex part is numerically tested. Indeed, their
conjectural identity for the vortex part is exactly a special case of our equation (4.45),
which we explicitly prove using the vortex wall-crossing interpretation of the Aharony du-
ality. Therefore, combined with their result, (4.45) also proves the superconformal index
equality for the Aharony duality.
The second example is the topologically twisted index on S2 × S1, which is defined by
(A.2). Its factorization is examined in appendix A. For the N = 2 U(Nc) theory with Nf
flavors, the (angular momentum refined) twisted index is written in the following factorized
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form:
I =
1
Nc!(Nf −Nc)!
∑
σ
ZpertZvortZantiv, (B.3)
Zpert =
(
ξ˜Ncr
)Nc∏
i=1
Nf∏
j=Nc+1
[
yσ(i)y
−1
σ(j)
]−1Nf∏
i=1
Nc∏
j=1
[
y˜
(l)
i y
−1
σ(j)τ
−2ζ2r; ζ2
]
−2r+1
−1 ,
(B.4)
Zvort =
∑
ni≥0
(
ξ˜
∑
i ni
)Nc∏
i 6=j
[
yσ(i)y
−1
σ(j); ζ
2
]
ni−nj
−1
×
Nc∏
i=1
Nf∏
j=1
[
yσ(i)y
−1
σ(j)ζ
2; ζ2
]
ni
−1Nf∏
i=1
Nc∏
j=1
[
y˜iy
−1
σ(j)τ
−2ζ−2r; ζ−2
]
nj
 , (B.5)
Zantiv = Zvort
∣∣
ζ→ζ−1 (B.6)
where we have kept r, the R-charge of the chiral multiplets, unfixed. r should be an integer
due to the topological twist. Also recall that we have defined
[a; q]n = a
− 1
2
nq−
1
4
n(n−1)(a; q)n. (B.7)
Now we show how each component is identified with the counterpart in the dual the-
ory. For the perturbative part, Zpert, we first observe that the last factor in Zpert can be
rewritten, using
[a; q]−n =
[
aq−n; q
]−1
n
, (B.8)
as follows:Nf∏
i=1
Nc∏
j=1
[
y˜
(l)
i y
−1
σ(j)τ
−2ζ2r; ζ2
]
−2r+1
−1
=
Nf∏
i=1
Nf∏
j=1
[
y˜
(l)
i y
−1
σ(j)τ
−2ζ2r; ζ2
]
−2r+1
−1Nf∏
i=1
Nf∏
j=Nc+1
[
y˜
(l)
i y
−1
σ(j)τ
−2ζ2−2r; ζ2
]
2r−1
−1 .
(B.9)
Note that the first factor is exactly the 1-loop determinant of N2f gauge singlet chirals M
b˜
a
in the dual theory. The second factor corresponds to the contribution of the fundamental
chirals in the dual theory. The factor correctly reflects the fact that those fundamental
chirals in the dual theory have the R-charge 1−r. Together with the second factor in Zpert,
which can be identified as the contribution of the anti-fundamental chirals in the dual
theory, (B.9) forms the perturbative part of the dual theory up to ξ˜-dependent factors. The
ξ˜-dependent factors will be fixed after the vortex parts are taken into account.
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Next, let us move on to the vortex parts. Firstly, using
[a; q]n−m =
[aq−m; q]n
[aq−m; q]m
, (B.10)
we rewrite Zvort in the following form:
Zvort =
∑
ni≥0
(
ξ˜
∑
i ni
)Nc∏
i 6=j
[
yσ(i)y
−1
σ(j)ζ
2ni ; ζ−2
]
nj
−1
×
 Nf∏
i=Nc+1
Nc∏
j=1
[
yσ(i)y
−1
σ(j)ζ
−2; ζ−2
]
nj
−1Nf∏
i=1
Nc∏
j=1
[
y˜iy
−1
σ(j)τ
−2ζ−2r; ζ−2
]
nj
 .
(B.11)
Since (B.11) is nothing but (4.7), we can use the identity (4.45) with identification w = −ξ˜.
From (4.45), Zvort and Zantiv have the following relations with the dual vortex parts, Z¯vort
and Z¯antiv:
Zvort = Z¯vort × PE
[
τ−Nf ζ−Nc+Nf (1−r)+1 − τNf ζNc−Nf (1−r)+1
1− ζ2 w
]
, (B.12)
Zantiv = Z¯antiv × PE
[
τ−Nf ζNc−Nf (1−r)−1 − τNf ζ−Nc+Nf (1−r)−1
1− ζ−2 w
]
. (B.13)
The product of Zvort and Zantiv is then written as
ZvortZantiv = Z¯vortZ¯antiv × PE
[(
wτ−Nf ζ∆V + wτNf ζ∆V
) 1− ζ−2∆V +2
1− ζ2
]
(B.14)
where ∆V ≡ Nf (1 − r) − Nc + 1 is the R-charge of gauge singlet chirals V± in the dual
theory. Again ∆V should be an integer due to the topological twist. One can rewrite the
last Plethystic exponential factor as follows:
PE
[(
wτ−Nf ζ∆V + wτNf ζ∆V
) 1− ζ−2∆V +2
1− ζ2
]
= (−w)∆V −1 [wτ−Nf ζ∆V ; ζ2]−1−∆V +1 [w−1τ−Nf ζ∆V ; ζ2]−1−∆V +1 . (B.15)
The last two factors are exactly the 1-loop determinants of V± in the dual theory. Moreover,
the first monomial factor (−w)∆V −1 = ξ˜∆V −1 is combined with the first factor in Zpert such
that we have
ξ˜Ncr+∆V −1 = ξ˜(Nf−Nc)(1−r), (B.16)
which is the correct monomial factor that should be included in the dual perturbative part
Z¯pert. Thus, (B.15) and (B.16) correctly reproduce the ξ˜-dependent factors in Z¯pert, which
implies ZpertZvortZantiv = Z¯pertZ¯vortZ¯antiv. Therefore, the twisted index equality for the
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Aharony duality is proven using the vortex partition function identity, (4.45).
Our last example is the supersymmetric partition function on the squashed 3-sphere,
S3b . Using the supersymmetric localization, especially the Higgs branch localization, the
partition function is given by the following factorized form [10, 13, 15, 16]:18
Z =
1
Nc!(Nf −Nc)!
∑
σ∈SNc
ZpertZvortZantiv, (B.17)
Zpert = e2piiξ
∑Nc
i=1(mi+µ)
×
Nc∏
i<j
4 sinh[pib(mi −mj)] sinh[pib−1(mi −mj)]
 ∏Nci=1∏Nfj=1(6=i) sb( iQ2 +mj −mi)∏Nc
i=1
∏Nf
j=1 sb(− iQ2 + m˜j −mi − 2µ)
,
(B.18)
Zvort = Zantiv
∣∣
b→b−1 , (B.19)
Zantiv =
∑
ni≥0
(
(−1)Nf−Nce2pibξ
)∑Nc
i=1 ni
×
Nc∏
i=1
ni∏
l=1
∏Nf
j=1 2 sinhpib(m˜j −mi − 2µ+ (l − 1)ib)(∏Nc
j=1 2 sinhpib(mj −mi + (l − 1− nj)ib)
)(∏Nf
j=Nc+1
2 sinhpib(mj −mi + lib)
)
(B.20)
where sb(z) is the double sine function, whose definition can be found in, e.g., [75]. ξ is the
FI parameter and mj + µ, m˜j − µ are mass parameters.19 b is the squashing parameter of
S3b and Q = b+ b
−1. σ is a permutation acting on mass parameters mj ’s.
One should note that the S3b partition function also allows a matrix integral form [75],
which is obtained by the Coulomb branch localization. In that case, the Aharony duality
is realized as an integral identity of double sine functions [67], which is proven in [69]. Here
we recast the proof of the identity using the vortex partition function.
Firstly we examine the perturbative part. Using double-sine function identities
sb(z)sb(−z) = 1, (B.21)
sb
(
iQ
2
+ z
)
=
sb
(
iQ
2 + z − ib
)
2i sinhpibz
, (B.22)
one can rewrite Zpert as follows:
Zpert = e2piiξ
∑Nc
i=1(mi+µ) ×
∏Nc
i=1
∏Nf
j=Nc+1
sb(
iQ
2 +mj −mi)∏Nc
i=1
∏Nf
j=1 sb(− iQ2 + m˜j −mi − 2µ)
. (B.23)
18Especially we adopt the parameters used in [16].
19From now on mass parameters have slightly different normalization. The new mass parameters are
identified with the old ones as follows: 2pib−1mnew = mold where b is the squashing parameter.
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The numerator of the second factor appears in the dual perturbative part as it is while the
denominator requires a little massage:
Nc∏
i=1
Nf∏
j=1
sb
(
− iQ
2
+ m˜j −mi − 2µ
)
=
Nf∏
i=1
Nf∏
j=1
sb
(
iQ
2
− m˜j +mi + 2µ
)−1 Nf∏
i=Nc+1
Nf∏
j=1
sb
(
iQ
2
− m˜j +mi + 2µ
) .
(B.24)
(B.23) combined with (B.24) produces the perturbative part of the dual theory up to ξ-
dependent factors, which will be fixed later. Note that the first factor on the right hand
side of (B.24) is the 1-loop determinant of M b˜a in the dual theory.
Next, we examine the vortex parts. Again, from (4.45), we have the following relations:
Zvort = Z¯vort × PE
[
τ−Nf ζ−Nc+Nf+1 − τNf ζNc−Nf+1
1− ζ2 w
]
,
Zantiv = Z¯antiv × PE
[
τ−Nf ζ−Nc+Nf+1 − τNf ζNc−Nf+1
1− ζ2 w
]∣∣∣∣
b→b−1
(B.25)
where τ = e2pib−1µ, ζ = e−piib−2 and w = (−1)Nf−Nc+1e2pib−1ξ. Since the double sine
function is written in terms of the Plethystic exponential as follows:
sb
(
z +
iQ
2
)
= e−
ipi
2
(z+ iQ
2
)2 × PE
[
e2pibz
1− e−2ipib2 +
e2pib
−1z
1− e−2ipib−2
]
, (B.26)
the two Plethystic exponentials in (B.25) together form the following double sine function
expression:
e−2piiξ(Nfµ+
iQ
2
(Nf−Nc)) sb(ξ −Nfµ−
iQ
2 (Nf −Nc))
sb(ξ +Nfµ+
iQ
2 (Nf −Nc))
. (B.27)
Note that the second factor is exactly the 1-loop determinant of V± in the dual theory.
Combining the monomial factors in (B.24) and in (B.27), we have
e−2piiξ
∑Nf
i=Nc+1
(mi+µ+
iQ
2
). (B.28)
Taking this monomial factor into account, (B.27) correctly reproduces the ξ-dependent
factors in the dual perturbative part. Thus, we have proven the identity of the partition
functions on S3b for the Aharony duality.
We have shown that three kinds of partition function identities for the Aharony duality
can be proven using the identity (4.45) of the vortex partition function. Except the S3b
partition function, for which the Aharony duality is proven using an integral identity of
the hyperbolic gamma function [31, 67–69], analytic proofs of the other partition function
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identities were only available for specific examples with the fixed gauge rank and the fixed
number of flavors [8, 12] or for specific fugacities [70].20 Our proof, on the other hand,
is for the arbitrary gauge rank and the arbitrary number of flavors with full generality of
fugacities. The key of our proof is the vortex partition function identity, which is a building
block of various 3d partition functions. Thus, our method is not sensitive to the type of a
partition function. Furthermore, since those partition functions allow integral expressions,
our results can be regarded as proofs of integral identities of special functions.
Our approach is based on the observation of the physical phenomenon, the wall-crossing
of vortex quantum mechanics. This shows that a understanding of a physical phenomenon
even suggests a new way to prove a nontrivial mathematical identity. Indeed, from various
Seiberg-like dualities, there are many conjectural identities beyond what we have proven in
this appendix, e.g., [83–95]. A better understanding of physics behind those dualities may
give new understandings of various integral identities of special functions. More related
discussions are also found in [96, 97].
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